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Abstract

We derive the asymptotics of the maximum likelihood estimators for diffusion
models. The models considered in the paper are very general, including both
stationary and nonstationary diffusions. For such a broad class of diffusion mod-
els, we establish the consistency and derive the limit distributions of the exact
maximum likelihood estimator, and also the quasi and approximate maximum
likelihood estimators based on various versions of approximated transition den-
sities. Our asymptotics are two dimensional, requiring the sampling interval to
decrease as well as the time span of sample to increase. The two dimensional
asymptotics provide a unifying framework for such a broad class of estimators
for both stationary and nonstationary diffusion models. More importantly, they
yield the primary asymptotics that are very useful to analyze the exact, quasi
and approximate maximum likelihood estimators of the diffusion models, if the
samples are collected at high frequency intervals over modest lengths of sampling
horizons as in the case of many practical applications.
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1. Introduction

Diffusion models are widely used in the analysis of financial markets. Their popularity
may be attributable to many different reasons. However, one of the main reasons appears
to be that they are simple and parsimonious, yet flexible enough to generate complicated
and realistic dynamics. The reader is referred to Karlin and Taylor (1981) and Karatzas
and Shreve (1991) for a good introduction to diffusion models, and to Duffie (2001) and
Cochrane (2005) for their applications in economics and finance. Naturally, there is a large
literature on the estimation of diffusion models, both parametric and nonparametric. To
estimate diffusion models nonparametrically, we may use the standard kernel method, as
shown in, e.g., Bandi and Phillips (2003, 2010). For the parametric estimation of diffusion
models, available are numerous methods based on a large spectrum of different approaches
ranging from the GMM’s defined by some orthogonality conditions to the MLE’s relying
on the exact or approximated transition densities. It seems, however, that the approximate
MLE proposed by Ait-Sahalia (2002) is most popular. See Phillips and Yu (2009) for a
recent survey on the likelihood-based estimation of diffusion models.

In this paper, we develop a general asymptotic theory of MLE for diffusion models. The
limit theories of MLE’s available in the literature for diffusion models are highly model-
specific and limited to stationary processes. There are two major hurdles in establishing
the limit theories for MLE’s in diffusion models at any general level. First, except for a
few special cases, the transition of a diffusion generally cannot be represented by a closed
form density. Therefore, we either have to rely on a complicated numerical method to ob-
tain the exact MLE, or use the quasi and approximate MLE’s based on transition densities
approximated in a variety of different methods. This makes it difficult to develop a general
asymptotic theory that is applicable for all such MLE’s. Second, the limit distributions of
general nonstationary diffusions are not available except for some simple cases where the
underlying diffusion can be transformed into a Brownian motion with drift or an explosive
Ornstein-Uhlenbeck process. As a consequence, the asymptotic theories of MLE’s in non-
stationary diffusions are largely unknown. This is unfortunate, since in many applications

we use diffusion models to describe processes that are obviously nonstationary.



The class of diffusion models we consider in the paper is truly broad and includes very
general nonstationary, as well as stationary, diffusions. Moreover, our theory is applicable
not only for the exact MLE, but also for the quasi and approximate MLE’s based on
various versions of approximated transition densities, such as among others those implied
by the Euler and Milstein approximations of the underlying diffusions and the one obtained
by Ait-Sahalia (2002) in his development of the approximate MLE using a closed-form
approximation of the transition density by Hermite polynomials. Our asymptotics are two
dimensional, having two parameters that are designated respectively to the sampling interval
and the time span of sample, as in Bandi and Phillips (2003, 2010) and Bandi and Moloche
(2004). More specifically, for the development of our limit theory in the paper we let the
sampling interval diminish to zero and the time span of sample increase up to infinity at
appropriate rates. In particular, our asymptotics rely on both infill and long-span. This is
in contrast with the conventional asymptotics based only on the sample size with the fixed
sampling interval.

The two dimensional asymptotics provide a single framework to unify the limit theories
of a broad class of the MLE’s for both stationary and nonstationary diffusion models.
Our main asymptotics do not require stationarity, and the nonstationary diffusions are
analyzed exactly in the same manner as the stationary diffusions under very mild regularity
conditions. For the stationary diffusions, our approach of course yields the same results as
the conventional asymptotics relying only on the sample size. Moreover, the two dimensional
asymptotics allow us to consider the exact, quasi and approximate MLE’s within a unified
framework. In fact, our two dimensional asymptotics provide the distributional results that
are much more useful and relevant in practical applications, compared with the conventional
one dimensional asymptotics. For instance, as we will explain in more detail below, our
asymptotics make it clear that the drift and diffusion term parameters have differing limit
behaviors in regards to the sampling frequency and the sample horizon. Furthermore, our
theoretical development provides primary asymptotics, which well approximates the finite
sample distributions of the MLE’s in case of the samples collected at high frequencies for

relatively short period of time span. This is usually the case in a majority of practical



applications.

Our asymptotic results reveal many important statistical properties of the MLE’s for
diffusion models. First, the drift term parameter estimates become consistent only when
the sample horizon T increases, whereas the diffusion term parameters can be estimated
consistently as long as the sample size increases either by a decrease in sampling interval
A or by an increase in sample horizon T'. The actual convergence rates are determined by
the drift and diffusion functions and the recurrence property of the underlying diffusion.
For positive recurrent diffusions, they are given respectively by v/T and \/T/—A for the drift
and diffusion term parameters. Second, the distributions of the drift and diffusion term
parameter estimates become uncorrelated for all large T as A shrinks down to zero fast
enough. The distributions of the diffusion term parameter estimate become mixed normal
for all large T' as long as A is sufficiently small. On the other hand, the distributions of
the drift term parameter estimates are non-Gaussian unless 7' increases up to infinity. If
T reaches to infinity, they become normal in general for stationary diffusions. However,
we expect them to be generally non-Gaussian asymptotically and their limit distributions
reduce to a generalized version of the Dickey-Fuller distribution appearing in the limit
theory of unit root test.

We demonstrate by simulation that our primary asymptotics provide superb approxi-
mations for the finite sample distributions of the MLE’s even for small sample horizon T,
as long as sampling interval A is sufficiently small. Our primary asymptotics are particu-
larly useful in approximating the finite sample distributions of the drift term parameters,
which are generally quite distant from their limit distributions unless sample horizon T is
unrealistically large. In fact, it is shown very clearly in our simulations that our primary
asymptotics are very effective in correcting biases and asymptotic critical values of the drift
term parameter estimates and their test statistics. Moreover, our simulation results imply
that all of the exact, quasi and approximate MLE’s considered in the paper should perform
comparably in finite samples as long as A is small enough. They yield the same primary
asymptotics in our asymptotic analysis, from which we may infer that their finite sample

distributions are close each other for all T if A is sufficiently small relative to 1. This,



of course, does not necessarily imply that the quasi and approximate MLE’s are always
expected to behave as well as the exact MLE in finite samples. At least, however, we may
say that the use of the exact MLE is not very compelling when A is small, and it is more
so if the transition density is not given in a closed form and it is computationally expensive
to obtain the exact MLE.

The rest of the paper is organized as follows. In Section 2, we present the background
and preliminaries that are necessary to develop our asymptotic theory of the MLE’s for
diffusion models. A parametric diffusion model is specified and its basic recurrence prop-
erty is discussed with some examples. Moreover, various MLE’s based on the exact and
approximated transition densities are introduced. Section 3 develops our framework and
some fundamental theories required in the establishment of the asymptotic theory for the
MLE’s in diffusion models. In particular, continuous approximations of the discrete likeli-
hoods are provided and relevant continuous time asymptotics are presented. Subsequently
in Section 4, we obtain our primary asymptotics and derive the limit distributions of the
MLE’s. Some examples are also given as an illustration of our asymptotic results. In Sec-
tion 5, we report some simulation results, which demonstrate the relevancy and usefulness
of our primary asymptotics in approximating the finite sample distributions of the MLE’s.
Section 6 concludes the paper. Appendix includes some useful technical lemmas and their

proofs, as well as the proofs of the theorems in the paper.

2. Background and Preliminaries

To develop the asymptotics of the MLE’s for the diffusion models, it is necessary to in-
troduce some background and preliminary theories on diffusion processes and the MLE’s
defined from the exact and various other approximated transition densities. Since our theo-
retical developments are quite extensive and complicated, we need to make some notational
conventions to facilitate our exposition. The notation “~” is used to denote the asymptotic
equivalence, and P ~ @ means that P/QQ — 1 or P — Q = o(Q). On the other hand,

“P ~ @Q” just implies that we approximate P by @, and it does not have any precise math-

ematical meaning in regards to the proximity between P and (). Moreover, for a measure



A on R that is absolutely continuous with respect to the Lebesgue measure, we also use the
same notation A\ to denote its density with respect to the Lebesgue measure. This should

cause no confusion.

2.1 The Model

We consider the diffusion process X given by the time-homogeneous stochastic differential
equation (SDE)
dX: = p( Xy, a)dt + o(Xy, B)dWr, (1)

where p and o are respectively the drift and diffusion functions, and W is the standard
Brownian motion. We define 6 = (o, ')’ to be the parameter in our model, which belongs
to the parameter space ©, with its true value denoted by 6y = (a, 5p). Moreover, we let
D = (z,z) denote the domain of the diffusion process X, where we allow z = —oo and
Z = 0o. Throughout the paper, we assume that a weak solution to the SDE in (1) exists
and X is well defined uniquely in probability law. The reader is referred to, e.g., Karlin and
Taylor (1981), Karatzas and Shreve (1991), Rogers and Williams (2000) and Revuz and
Yor (1999) for more discussions on the solutions to the SDE (1). Finally, we assume that
the diffusion X admits a transition density p with respect to the Lebesgue measure, with
p(t,z, ) representing the conditional density of X; given Xy = x. More precise assumptions
we need to develop our asymptotic theory for the MLE will be introduced later.

The scale function of the diffusion process X introduced in (1) is defined as

S(x,H):/:exp(— /wy%dz)dy (2)

for some w € D. Defined as such, the scale function s is only identified up to an affine
transformation, i.e., if s is a scale function, then so is as + b for any constants a and b. A
diffusion process Y; = s(X;) transformed with its scale function becomes a driftless diffusion
and we say that it is in the natural scale. Of course, the scale function of a driftless diffusion

is the identity function. We also define the speed density
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m(x,@) = W (3)



on D, where s'(z,0) = (0/0x)s(x,0). The speed measure is defined to be the measure on
D given by the speed density with respect to the Lebesgue measure.?

Our asymptotic theory for the MLE depends crucially on the recurrence property of the
underlying diffusion X. To define the recurrence property, we let 7, be the hitting time of
a point y in D that is given by 7, = inf{t > 0|X; = y}. We say that a diffusion is recurrent
if P{r, < 0o|Xo =} =1 for all z and y in the interior of D. A recurrent diffusion is said
to be null recurrent if E(7,|Xo = ) = oo for all z and y in the interior of D, and positive
recurrent if E(7,|Xo = x) < oo. When the drift and diffusion functions satisfy the usual
regularity conditions that we will introduce later, the diffusion X in (1) is recurrent if and
only if the scale function s in (2) is unbounded at both boundaries z and z.2 It is positive
recurrent if m(D,0) < oo, and null recurrent if m(D,0) = co. For a positive recurrent
diffusion X, we let

m(z,0)

m(x,0) = m(D.0)° (4)

If the initial value of the process X has density m, then the process X becomes stationary

with the time invariant density w. A diffusion which is not recurrent is said to be transient.

Example 2.1 (a) The Brownian motion (BM) with drift is a diffusion generated as
dX; = adt + BdW; (5)

with 5 > 0 and D = (—o0,00). Its transition density can easily be obtained, since the
distribution of X; given Xy = z is normal with mean x 4+ ot and variance 3°t for t > 0.
The process becomes null recurrent if a = 0, in which case the speed measure is given by
a scaled Lebesgue measure. It becomes transient, if a # 0. For the geometric Brownian
motion (GBM) given by the SDE dX; = vX;dt +wX;dW; with w > 0, (log X;) becomes the
BM with drift in (5) with o = v — w?/2 and 8 = w.
(b) The Ornstein-Uhlenbeck (OU) process is defined on D = (—o0,00) as the solution
to the SDE
dX: = (a1 + aeXy)dt + BdWy (6)

2Following our notational convention discussed earlier, we also use m(-,0) to denote the speed measure,
as well as the speed density with respect to the Lebesgue measure.
3See Karatzas and Shreve (1991), Chapter 5, Proposition 5.22 for more details.



with g < 0 and 8 > 0. Vasicek (1977) used the process to model the short-term interest
rate. It has the transition given by normal distribution with mean e“?!(x + a;/as) and
variance (32/2as)(e?2! — 1). It is positive recurrent with time invariant stationary distri-
bution given by normal with mean —a;/as and variance —32/2as. The process becomes
transient if the mean reversion parameter as > 0.

(c) The Feller’s square-root (SR) process is given by the SDE
dXt = ((Xl + OéQXt)dt + ,3\/ Xtth (7)

on D = (0,00), where as < 0 and 2a;/3? > 1. The process was used by Cox, Ingersol and
Ross (1985) to study the term structure of interest rates. The conditional distribution of
B2(e“2'—1)X; /4as given Xy = x follows the noncentral chi-squared distribution with degrees
of freedom 4a1/B% and noncentrality parameter —4age®?!z/B%(e*2! — 1). It is positive
recurrent with the time invariant distribution given by gamma distribution with parameters

201 /3% and —2ay /2.

Example 2.2 (a) The constant elasticity of variance (CEV) process is given by the SDE
dX; = (oq + o Xy)dt + By X 2dW, (8)

with ag > 0, ag <0, 51 >0, f2 > 1/2 and D = (0,00). For this process, we cannot obtain
the exact transition density in a closed-form. If oy = 0 and as = 0, then SDE defining
CEV process reduces to what is known as the Girsanov SDE. The Girsanov SDE has the
trivial solution X; = 0 for all ¢ > 0. When 3 < 1/2, however, it also has a nontrivial weak
solution. See, e.g., Rogers and Williams (2000, pp. 175-176).

(b) The nonlinear drift (NLD) diffusion process introduced in Ait-Sahalia (1996) is also
used by several authors (with some parameter restrictions) including Ahn and Gao (1999)

and Hong and Li (2005) for modeling interest rate processes. It is given by the SDE

4X; = (01 + 0o X; + a3 X2 + aa X V)t +\/B1 + B Xy + B XPAdW, (9)

defined on D = (0,00). The parameter ranges to guarantee the positive recurrent solution

for this SDE, i.e., s(0) = —o0, s(c0) = 0o and m(D, ) < oo, are given by Ait-Sahalia (1996)



as

a3 <0and as < 0if ag =0,
a4>0and2a4261ZO,ora4:0,a1>0,ﬁl:0,64>1and2a1262>0,
B1>0(and B3 >0if f1r =0and 0 < By < 1,0r B2 > 0if f; =0 and 4 > 1),

B3 > 0 if either B4 > 1 or B = 0, and o > 0 if either 0 < 84 < 1 or B3 = 0.

For a certain set of parameter values, we have m(D) = oo and the process becomes null
recurrent. For instance, if we set g = 0, a3 = 0 and 3 = 0 and consider the process given

by the SDE
dXy = (on + auX; 1) dt +/B1 + Lo XodW,

with 51 >0, 2 >0, 0 < a1 < B2/2 and oy > (1/2, then we have

s(x,0) ~ 1z 72/%2 a5 1 — 00 and ez T2/ P as 2 — 0,

201 /B2—1

m(z,0) ~ csx as & — oo and 422/ as z — 0

for some constants c1, c9, c3 and ¢4, and the process becomes null recurrent.

For the development of our asymptotics, we need to know the divergence rate of the
extremal process of X given by sup;cg ] X¢. For several positive recurrent processes that
are used widely in economics and finance applications, the exact order of extremal process
is well known. The reader is referred to Borkovec and Kliippelberg (1998) for details.
For example, the extremal processes of the Ornstein-Uhlenbeck process and the Feller’s
square root process are respectively of orders Op(v/IogT) and O,(logT'), and the extremal
process of the CEV process has order less than or equal to Op,(T) depending upon its
parameter values. It is also possible to find appropriate asymptotic bounds of the extremal
processes for more general positive recurrent processes, utilizing the result in Davis (1982)
which shows that the extremal processes of positive recurrent processes are stochastically
bounded by s~(T) if s~! is regularly varying. In fact, Cline and Jeong (2009) establish
that the extremal process is at most of order O,(T") for some r < oo if p and o are

regularly varying, provided that lim, ,o[z(1/0?)(x)] # 1/2. To obtain the asymptotics



of the extremal process inf;cjg7) X¢ for a diffusion having a boundary at the origin, we
may use the Ito’s lemma to get the drift and diffusion functions of the transformed process

X=X "as
dX} = [o*(X; DX — (X, X2 ]dt — o (XN X[2dWy,

and analyze the extremal process sup,co ) Xy of X. Note that the drift and diffusion
functions are regularly varying for X*, if they are so for X.

For null recurrent processes, Stone (1963) shows that under suitable regularity condi-
tions on the speed measure of the underlying process, we may find a proper normalization
sequence (cr), for which the normalized extremal process has a well defined limit distribu-
tion. The most well known and useful example of this case is Brownian motion, which has
cr = V/T. For the general null recurrent processes, if the speed density of the process X*,
X7 = s(Xy), is regularly varying with index r > —1, then there exists such a normalizing

1

sequence (cr), as long as s~ is regularly varying at infinities. The asymptotic behaviors of

null recurrent processes will be explored in much more detail in later sections.
2.2 Maximum Likelihood Estimators

Throughout the paper, we assume that the samples of size n collected from the diffusion

process (X;) at interval A over time T, i.e.,
Xn, Xon, .o s Xna

with T' = nA, are available, and we denote their observations by xa, x2A, ..., Zpa. Further-
more, we suppose that the exact, approximated or quasi transition density function for the
underlying diffusion process (X;) is available over time interval of length A and denoted by
p(A,x,y,0). The exact, approximate or quasi MLE 0 of 6 relying on the transition density
function p(A, z,y,0) is then defined as the maximizer of the log-likelihood

n

E(e) = Z logp(A7 x(i—l)A7 TiN, 0)7

i=1
ie., 0 = argmaxgeg £(0). In the subsequent development of our asymptotic theory, we
assume that the parameter space © is compact and convex, and the true parameter value

fp is an interior point of ©.
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The theoretical results and their derivations that we subsequently develop in the paper
are quite complicated and involve various functions with multiple arguments. It will there-
fore be necessary to make an appropriate convention for the use of notation. First, we will
suppress the argument 0 in p, o, p and all other functions defined from them whenever they
are evaluated at 6y, to make our presentation simple and more tractable. For instance, we
will use p(z),o(x) and p(t, x,y), in place of u(x, ), o(x, Bo) and p(t,x,y,0). Second, for
any function f only with a scalar argument = other than 0, i.e., f(x,#), we will routinely de-
note its first and second derivatives with respect to  simply by f*(z,0) and f(z,0). As an
example, we will write o”(x) or o°(z, 3), instead of (0/0z)o(x, By) or (0/0z)o(x, 5). Third,
we put the differentiating parameters or variables as subscripts as in fo(x,0), fy(z,y,0) or
fyo(x,y,0) to denote the derivatives with respect to the parameters or the derivatives of
functions that involve multiple arguments as well as the parameters. Therefore, we use the
notation such as pye(t, z,y) or pye(t,z,y,0). This convention will be made throughout the
paper, and should cause no confusion.

For the diffusion models with known and tractable transition densities, we may of course
find the exact MLE. As the exact transition density of the diffusion models are generally not
available and cannot be given in closed forms, however, we should rely on the approximated
transition densities in many cases. The simplest approach to obtain an approximated tran-
sition density is to use the Euler scheme. It is based on the first order expansion of SDE in

(1), which we write as
Xin = X-na = Ap(X—1a) + o(Xi-na)(Wia = Wi_a)- (10)

The implied transition density for the Euler scheme is given by

1 —x— Ap(x, 2
PEU(AaCCayaQ):meXP W 2Aa2(5,(ﬁ) ) : (11)

The conditional distribution of X;a given X; 1) = z given by the Euler approximation
(10) is normal with mean x + Ap(x) and variance Ao?(z), from which the Euler transition
density (11) can easily be derived.

The Milstein scheme introduces an additional term to the expansion of SDE in (1),
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which yields

Xin = Xi-na = Ap(X_na) + o(X-na)Wia = W)

+ %(UJ.)(X(FUA) [(Wia = Wi—na)? — A]. (12)

Unlike the Euler approximation, the Milstein approximation does not yield the normal
transition density. The transition density implied by the Milstein approximation is a mixture

of normal and chi-square distribution, and given by

Pus (A, z,y,0) (13)

B 1 o _(w(x,y,9)+0(:c,ﬁ))2 o _(w(x,y,@)—a(:c,ﬁ))2
‘\/—mm,y,e)( p[ 2A(00")%(z, B) F p[ 2A(00")%(z, B) } ’

where

w(z,y,0) = [0’2(1‘, B) + A(oo")(x, B) + 2(00”) (x, B)(y —az — Ap(z,0))] 12,

The Milstein transition density (13) can easily be obtained by the standard distribution
function technique, if we note that the conditional distribution of X;a given X;_ja =z is
identical to the distribution of x+Apu(z, a)+vAc(x, B)N(0, 1)+(A/2) (00" ) (z, B)[N(0, 1)2 —
1], where N(0, 1) is the standard normal random variate. The Milstein transition density
was also obtained by Elerian (1998).4

We may also consider the quasi MLE with the mean and variance obtained from the
Milstein approximation, which yields the conditional mean and variance of X;a — X(;_1)a

given X(;_1)a = x respectively by

o (xv a) = A:U'(xv a)v
2

7, (2.8) = Ao(z,8) + S-(00" (. ).

Therefore, we may use the corresponding normal density

(y - — MM(xv O‘))z
2012\4(30,6)

1
Pou (852, Y,0) = —————=exp [— (14)

2702, (i, B)

“The final expression of the Milstein transition density in Elerian (1998) is slightly different from ours in
(13), though they are identical.
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for the quasi MLE based on the Milstein approximation. Compared with the Euler approx-
imation in (11), we have an additional higher order correction term A2(co*)?(x,3)/2 for
the variance in the approximated normal transition density.

Our subsequent asymptotic theory is also applicable for the closed-form MLE proposed
by Ait-Sahalia (2002), which approximates the transition density based on the Lamperti
transformation and the Hermite expansion. The method uses the transformation 7(x, 3) =
[ dy/o(y,B) for some w € D to define X; = 7(Xy, 3), so that the transformed process X*
satisfies the SDE d X} = v(X/,0)dt + dW; with

o) - @ D),0)

1
o(r=1(z,B),8) 2
If we denote by p* and p** the densities of the transitions X (* Ha 7 XA and X (*

o' (r (x, B), B). (15)

i A T

Xii=A"V2(X5 — X(i_1)a) respectively, it follows that

p(A,(L‘,y, 0) - %p*(A,T(x,ﬁ),T(y”@),e)

PH(A 2y, 0) = ATV (A 2, ATV (y — ), 6).

Note that X is transformed and normalized appropriately for the transition X (*;_1) A XOA,
so it has density close to that of standard normal. Therefore, we may approximate p** as

P(A 2y, 0) = pi (A 2,y,0) = o(y) y ni(A,z,0)H;(y), (16)

<.
i M“
o

where ¢ is the standard normal density function and (H;) are the Hermite polynomials, and
(n;) are coefficients obtained from the approximated conditional moments of the process
X*. Once we obtain the transition density p** in a closed-form in this way, we may obtain
the approximated transition density of the original process X as
Pas(B2.0) = S (A (e B, A7 0, 6) — @ L), (17
as we have shown above.
Kessler (1997) proposes the quasi MLE based on the normal transition density

(y ! :U’K(:C’H))2
202 (x,0)

1
sz(Avxvyve) = —F/7/——€xp |:_
2mo2 (x,0)
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using conditional mean and variance are approximated by

J .
AJ
pp (z,0) = g — L
4]
7=0
J J=J Ak a,. 1h
A Lex L°x
Ui(%Q):AUQ(%ﬁ)(l E NE L ( > o T))
] 2 =0 a,b>1,a+b=j

where L is the infinitesimal generator given by Lf(x) = u(z,a)Df(z)+(1/2)0?(z, B)D*f(x)

with the usual differential operator D. In practice, O'?{

can be negative or zero, which makes
it impossible to obtain the log-likelihoods involving log(ai) and 1/ Ji. To avoid this, he
suggests to use its Taylor expansion in A up to order J.

Our theory also applies to the simulated MLE, which obtains the transition density of
the process with simulations. Gihman and Skorohod (1972) show that the transition density

of (X;) can be written by

p(Bs 2y, 0) = % exp [ - i(f(y,ﬁ) —7(z, )" + /xy 7:2((2’03) dz}

x E exp [A /01 w((l — )7 (x, B) + tr(y, B) + VAW, 0) dt] ,

where W, W, = W, — tWy, is Brownian bridge, 7(x, B) is the Lamperti transformation and
w(z,0) = —(1/2)(v*(z,0) + v'(z,0)) with v(z,0) defined in (15), provided in particular
that |w(z,0)] = O(z?) as * — oo. The expectation part involving Brownian bridge can
be obtained from the simulation with arbitrary precision for any given parameter value,
so we may obtain the corresponding numerical transition density approximating the true
transition density arbitrarily well. Of course, we may use the transition density to obtain
the exact MLE even when there is no closed-form solution of the transition density. See
Nicolau (2002) for more information on the actual implementation of this approach. On
the other hand, utilizing the Chapman-Kolmogorov equation, Pedersen (1995) and Brandt

and Santa-Clara (2002) suggest simulating the transition density with

* A * *
pN(Avxvyae) = E|:p (NvXAA/]\Py?H) ‘XO = II,':|,

where p* is an approximated transition density based on, for example, the Euler approx-

imation, and X* is the corresponding process generated with that approximation. They
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show that p, converges to the true transition density as N — oo, and therefore we may
use it to obtain the exact ML estimation with arbitrary precision. See Durham and Gallant
(2002) for some comparisons among various methods for simulating the unknown transition

density.

3. Fundamentals of MLE Asymptotics

In this section, we develop some fundamental theories required to establish the general
asymptotics for the MLE’s in diffusion models. To more effectively present our asymptotic
analysis, we define

0(A,z,y,0) = Alog [\/Kp(A,x,y,G) :

which is the standardized log likelihood function. We will consider various derivatives of the
log likelihood function ¢, as well as the drift and diffusion functions y and o. For f =/, u
or o, we signify its partial derivative 9" H*+E /901067 OckOd® by f,ipskae, Where (a,b,c,d)
are the arguments of f and (7,7, k, £) is any sets of positive integers. Lastly, for any of the
derivatives of ¢ that has A as one of its argument, say, (A, z,y), we define f(0,z,x) to be
its A-limit, i.e., f(0,z,2) = lima_0 f(A,z,z). Of course, we assume that the A-limit of
f(A,z,y) exists, whenever we have the expression f(0,x,z) in what follows. Note that the
transition density ¢, and therefore its derivatives too, is meaningfully defined only for A > 0.
Our standardization of the log likelihood function in A ensures that the A-limit exists for ¢
and its derivatives. In presenting our asymptotics, we extend our earlier convention and use

“

the notation “~,” to denote the asymptotic equivalence in probability. More specifically,

P ~, @ implies that P/Q —, 1, or equivalently, P — Q = 0,(Q).
3.1 Basic Framework and Continuous Approximations

Our asymptotics follow the approach by Wooldridge (1994) and Park and Phillips (2001).
If we let S = 9L£/060 and H = 9?L/0000', the asymptotic leading term of 6 can be obtained

from the first order Taylor expansion of S, i.e.,

S(0) = S(0y) + H(0)(6 — 6y), (19)
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where 6 lies in the line segment, connecting 6 and fp. To derive our asymptotics, we will

establish that

AD1: w™'S(0y) —4 N,
AD2: w ' H (Op)w™Y —4 M for some M positive definite a.s., and

AD3: There is a sequence v such that vw™' — 0, and
sup |v_1 (7—[(0) — 7-[((90))1)_1" —, 0,
0eN

where N' = {6 : |v/(0 — 0y)| < 1},

as T — oo and A — 0 at appropriate rates for some matrix sequences w and v, and random
vector and matrix N and M. Note that w and v are functions of T" and A, which we
suppress for notational simplicity.

As shown in Wooldridge (1994), AD3 together with AD1 and AD2 implies that S(0) = 0
with probability approaching one and w™ (H(6) — H(6p))w™" = 0,(1), as T — oo and
A — 0 at appropriate rates.> We may therefore easily deduce from the first order Taylor

expansion (19) that

w (0 — o) = — [w " H(B)w ] wS(00) + 0p(1) =g MTIN (20)
as T' — oo and A — 0 respectively at an appropriate rate. Therefore, once we establish
AD3, we only need to find the limit behaviors of the score S(fy) and Hessian H(6p). The
asymptotics of the MLE would then follow immediately from (20). The subsequent develop-
ments of our asymptotic theory will therefore be focused on the analysis of limit behaviors
of §(0p) and H(Ay) and on the establishment of condition in AD3.

To develop our asymptotics more effectively, we introduce functional operators A and

B that are defined as

Af(tz,y) = fult,z,y) + 1) fy(t ) + ~o? () a2, y)

2
Bf(t,x,y) = O'(y)fy(t,fl',y)

®This is shown in Wooldridge (1994) within the usual asymptotic framework relying only on the sample
size n. However, it is clear that his argument is also applicable in our context as long as there are proper
normalizing sequences w and v.
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for f with its derivatives f; = 0f /0t, f, = 0f /0y and f,2 = 0% f /Oy? assumed to exist, and

write
t t
f(t—s,Xs,Xt)—f(O,Xs,Xs):/Af(t—s,Xs,Xr)drﬂ—/Bf(t—s,Xs,Xr)dWr. (21)

If necessary, we further expand the terms Af(t—s, X, X,) and Bf(t—s, X, X,) in a similar

fashion to obtain
t t
Af(t—s, Xq, Xy)—Af(0, X5, Xs) :/AQf(r—s,Xs,Xr)dr +/ BAf(r—s, Xs, X;)dW,,
t t
Bf(t—s, X, X;)—Bf(0, X,, X,) :/ABf(r—s,Xs,XT)dr+/ B f(r—s, X, X,.)dW,.

Clearly, we may repeatedly apply the procedure to obtain expansions to any arbitrary order.

To obtain the asymptotic leading terms of S(6y) and H(6p), we write

S(00) = D> lo(A, X(i_1yar Xia),  H(00) =D lowr (A, X(i-1)a, Xia), (22)
i—1 i—1

and expand them using (21). If we denote by f any element of the terms in the expansion

and assume that it is differentiable, then we have
AZfAXz A, Xin) AZfOX(z A, X@i—1a) + Ra+ Rp (23)

with
RA _AZ/ ’L—l)A X(z 1A )d

Rp —AZ/Z A — (i = DA, X(i—1)a, X)) dW,,

where R4 and Rp are remainder terms which become negligible asymptotically.

To develop the expansion above formally and rigorously, we need to introduce some
technical assumptions. For the convenience of exposition, we momentarily assume that the
boundaries z or Z is either +00 or 0. This causes no loss in generality, since we may simply

consider X — z or X — ¥ for more general case.
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Assumption 3.1 We assume that (a) o2(z,8) > 0, (b) u(x,q), o%(x,B) and £(t,x,y,0)
are infinitely differentiable in ¢ > 0, z,y € D and 0 in the interior of ©, and that for any
f(t,x,y,0) of their derivatives we have |f(t,z,y,0)] < g(x)g(y) for all ¢ > 0 small, for
all xz,y € D and for all § in the interior of ©, where g : D — R is locally bounded and
lg(x)| ~ c|z|P at boundaries +00 and |g(x)| ~ c|z|™P at boundary 0 for some constant ¢ > 0,

(c) supg<i<r | Xt| = Op(T7) if the boundaries are +o0o and (info<i<r 1X,)"! = 0,(T9) if

one of the boundaries is 0, and (d) AT*P4+t1) — 0 as T'— 0o and A — 0.

The condition in Assumption 3.1(a) and the differentiability of the drift and diffusion
functions in Assumption 3.1(b) are routinely assumed in the study of diffusion models. In
particular, they are sufficient for the existence of a weak solution of the SDE (1) up to an
explosion time that is unique in probability law. See, e.g., Theorem 5.5.15 of Karatzas and
Shreve (1991). In Assumption 3.1(b), we additionally require the existence of an envelop
function for all the derivatives of uu(z,a), o%(z, ) and £(t,z,y,0) so that we may effectively
control them especially near the boundaries. In Assumption 3.1(c), we set the growing and
diminishing rates of the underlying diffusion process. We may obtain the rates from the
asymptotic behavior of extremal process we discussed earlier. Assumption 3.1(d) makes it
explicit that our asymptotics in the paper are derived under the condition 7" — oo and
A — 0. In particular, the condition requires that A decreases fast enough as 7T increases.
Our asymptotic results will therefore be more relevant for the case where A is sufficiently
small relative to T'. Indeed, this is the case in many practical applications of diffusions
models, which rely on samples collected at relatively high frequencies over short or moderate
lengths of time spans, such as daily observations over a few years.

Now we are ready to deal with the summations in (22), but before that, we introduce the
following lemma which is useful to obtain the leading terms in our asymptotics explicitly

in terms of p and o.

Lemma 3.1 Let ¢ be the normalized log-likelihood for the transition density of (X;)

obtained by using any of the methods introduced in Section 2.2. Then under Assumptions
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3.1(a), (b), we have for all x € D and 6 in the interior of O,

40, ,z,0) =0, A0, z,,0) = —% — log(o(x, 8)),
B0, z,x,0) = 0, B20(0,z,x,0) = _U;’(Qf%)

ignoring the terms which do not dependent upon 6, and

A%0(0,z,2,0) = _,u2(:c,a) + M(x)2u(:c,a) + (02(.%') — JQ(x,ﬁ))Etyz(O,x,x,H),

o*(z, ) o*(z, B)
ABU(0, 2, x,0) = BALO, 2, 2,0) = o(z) :2((2 02)7

B3(0,z,2,0) =0
ignoring the terms which are independent of a.

We may obtain the asymptotics for the score and Hessian functions explicitly using

[7AN t 1A t
/ / deWt + / / dWSdt = A(WZA — W(i—l)A)
(—1)A J(i—-1)A (—1)A J(E-1)A

and
A t 1 )
/ / AW,dW; = 5 [(Wia = Wi 1a)? = 4]
(i—1)A J(@-1)A

and Lemma 3.1. For the score of the drift term parameter, we have

1 n
Sa(bo) = A ZEQ(A,X@A)A,XZ‘A)
i=1

1 n
= 52(«45 + BA)a (0, Xi—1)a, Xi—1)a) (Wia — Wi_a), (24)
=1

since £y, (0,2, 2) = 0, Aly(0,z,2) = 0, Blo(0,2,2) = 0, B2, (0,z,2) = 0, B3, (0,2,2) = 0,
and A%, (0, z,2) = 0 due to Lemma 3.1. For the score of the diffusion term parameter, we

have
1 n
Sp(bo) = A ZEB(AaX(z‘—l)A,XiA)
i=1

1 n
~ 5x 2 B0, Xmna, Xana) [(Wia = Wiiona)® = 4], (25)
i=1

since it follows from Lemma 3.1 that ¢3(0,z,z) = 0, Alg(0,z,z) = 0 and Blg(0,z,z) = 0.
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We may similarly analyze the Hessian. For the Hessian of the drift term parameter, we
may obtain

Haoz(HO Zgaa A X(z 1)A7XZA)
=1

A n
) Z A0 (0, Xi—1)a, Xi—1a)
i—1

1 n
+3 > (AB + BAY oo (0, X 1yas X(i—1ya) Wia = Wi_1)a), (26)

since we have from Lemma 3.1 that (. (0,2,2) = 0, Alyy (0, 2,2) = 0, Blyw (0,2,2) =
0, B?loe(0,2,2) = 0, B3(oe(0,2,2) = 0. Moreover, the Hessian of the diffusion term

parameter reduces to

Hpp(0o) = Azfﬁﬁ' (A, X(i—pa, Xia) Z-"wﬂﬁ’ (0, X(i—1)a, X(i—1)a )5 (27)
i=1

since £gg(0,z,2) = 0 and Blgg (0,z,2) = 0. The leading term of the off-diagonal block

Hap(0o) can be also shown to be negligible in the limit.

Lemma 3.2 Under Assumption 3.1, we have

Sulfo) = / Ko (X)W + Oy (VAT

5(60) = /2 / [} (X1)dV; + O, (A~ 1/AApa+T/4)

and
T H Ml T Moo/
Hoalfo) == /0 o7 (Xe)dt + /0 2 (Xy)dW + Op (VAT (28)
T o0
Hip(60) = TR (Xy)dt + Oy (A~ V2SRt

A
Hap(bo) = Op(T?’pq“)

as T — oo and A — 0.

For the asymptotics of the diffusion term parameter 5, we only need the first set of results
in Lemma 3.1, while for the asymptotics of the drift term parameter «, both the first and

second sets of the results in Lemma 3.1 are required.



20

3.2 Preliminary Continuous Time Asymptotics

Now we establish primary asymptotics for continuous time processes

T T
| eeae wa [ g(xpam, (20)
0 0

as T — oo for some classes of functions f,g : D — R¥. The asymptotics of two continuous
time processes in (29) will be referred to as the additive functional asymptotics and the
martingale transform asymptotics, respectively, in the paper. For the development of these

asymptotics, it will be convenient to introduce

Definition 3.1 We say that f is m-integrable and g is m-square integrable, respectively,

if f and g ® g are integrable with respect to the speed measure m.

Under our notational convention of using m to denote both the speed measure and its density
with respect to the Lebesgue measure, f is m-integrable and g is m-square integrable if and
only if mf and m(g ® g) are integrable respectively with respect to the Lebesgue measure.
We will simply call f integrable and g is square integrable, if f and g ® g are integrable
with respect to the Lebesgue measure.

For the positive recurrent process X, the continuous asymptotics in (29) is well known,
which we give below for the future reference. Recall that we have m(D) < oo and the time
invariant marginal distribution is given by m = m/m(D) for the positive recurrent process.
Needless to say, m(f) < oo and 7(g ® g) < oo, if and only if f is m-integrable and g is

m-square integrable in this case.

Proposition 3.3 Let Assumption 3.1 hold. If X is positive recurrent and f and g are

respectively m-integrable and m-square integrable, then we have

I I
— Xy)dt —q.s 7(f), —/ X)dW; —q N(0, 7(gg’
7| i s w22 [ a)aws N, x(0g')
as T — oo.
For positive recurrent processes, both the additive functional and martingale transform

asymptotics therefore yield the usual normal limit distributions. Moreover, we need the

standard normalizing sequences T and /T, respectively, for their asymptotics.
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The additive functional and martingale transform asymptotics for null recurrent pro-
cesses are little known, and we will fully develop them below. For the null recurrent diffusion
X, we consider the transformed process X?®, X7 = s(X;), where s is the scale function. As

is well known, X* becomes a driftless diffusion that is given by

dX} = os(X7)dWy, (30)

where o, = (s'0) o s 1.

Therefore, X* is in natural scale. The speed measure of X* is
given by the density m,., m,(x) = 1/02(z). For the development of our asymptotics, it is
convenient to write

f(Xe) = fs(X7) and  g(Xy) = gs(X7),

where f; = fos~!and g = gos~!. Note that f, and g, are defined over the entire range
of R for all recurrent processes. The notations fs; and g5 will be used frequently in what
follows.

It is well known that fs; and gs ® gs are integrable with respect to the measure m,. on
R if and only if they are integrable with respect to the measure m on D, and we have
m,(fs) = m(f) and m,(gs ® gs) = m(g ® g). In particular, the speed density m, of a null
recurrent diffusion in natural scale is not integrable on R, since m,(R) = m(D) = co. To

effectively deal with null recurrent diffusions, we define

Definition 3.2 A null recurrent process is said to be reqular with index r > —1 if for its

speed density m,. in natural scale, we have
my(x) = my(r) + & (x)

where m; is a homogeneous function of degree r > —1, and ¢, is a locally integrable function

such that e,.(z) = o(|z|") as |z] — oc.

The regularity conditions we introduce in Definition 3.2 are not very stringent and allows for
a wide class of non-integrable m,. including all speed densities in natural scale we consider

in the examples with appropriate restrictions on their parameter values. For a regular null
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recurrent process with index r > —1, we have
my(x)/|z]" — a or b (31)

respectively as * — +oo and a + b > 0.
The basic asymptotics for null recurrent processes are given below. We assume that the

scale transform has been performed and consider the process X® in natural scale.

Proposition 3.4 Let X be a regular null recurrent process with index r > —1 having
speed density m, in natural scale and driven by Brownian motion W, and define the pro-

cesses X*7 on [0,1] for each T by X7 = T~V +2 X5, . Then we have
X7 —, Xx° (32)

as T'— oo in the space C[0, 1] of continuous functions defined on [0,1]. Here X° is defined
by X° = Bo 71" with
7/ = inf {3 / mo(x)l(s, x)dxr > t}
R
for 0 < t < 1, where B is a standard Brownian motion, and [ is the local time of B.

Moreover, for W7 defined by WtT = T Y2Wp,, we have

wT =, we (33)
jointly with (32) in C[0, 1] as T — oo, where W° is a standard Brownian motion given by
t
Wi = [ mpReax;
0
for0<t<1.

The limit process X° is defined as a time change of the Brownian motion B with time change
7" given by the right continuous inverse of [, mj(x)I(-,x)dx, where [ is the local time of
B. The stochastic processes defined in this way are called generalized diffusion processes
corresponding to the speed density m;. The reader is referred to Kotani and Watanabe

(1982) or Ito6 and McKean (1996) for the details of this class of processes. In particular,
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for the speed density m; in Definition 3.2 together with the asymptotes in (31), the limit

1 1
a 42 b 42
XO
() )]

becomes a skew Bessel process in natural scale of dimension 2(r 4 1)/(r + 2) with the skew

parameter al/("+2) /(q/(r+2) 4 pl/(+2))  Note that 0 < 2(r +1)/(r +2) < 2 if r > —1. For

process X° scaled as

the construction and the properties of the skew Bessel process in natural scale, the reader is
referred to Watanabe (1995, pp. 160, 164). We call the process a symmetric Bessel process
in natural scale if the skew parameter is 1/2. In case that b = 0, the process reduces to a
Bessel process in natural scale. Moreover, if r = 0, we have m(z) = a 1{z > 0}+b1{z < 0},

and the limit process X° becomes a skew Brownian motion in natural scale.

Definition 3.3 We say that f is m-asymptotically homogeneous if

fs(Ax) = k(fs; MI(fs, ) +0(fs, A, @)

with
16(fs; N x)| < alfs, Np(fs, z) + b(fs, N)q(fs, Ax)

as A — oo, where (i) h(fs,), p(fs,) and q(fs,-) are locally integrable in measures m, and
m, (ii) k(fs, \) is nonsingular for all large A, (iii) ¢(fs,-) is locally bounded on R\{0} and
vanishing at infinity, and (iv)

limsup | |K(fs, A) " alfs, N)| = 0, lim sup |5(fs, X) T B(fs, V)| <
We call k(fs,-) and h(fs,-) respectively the asymptotic order and limit homogeneous func-
tion of f. If we have (i) h(fs,-), p(fs,-) and q(fs, -) are locally square integrable in measures

m, and m}, in place of (i), then f is said to be m-square asymptotically homogeneous.

In particular, we require m-asymptotically homogeneous or m-square asymptotically homo-

geneous function f to be given roughly as

fsQx) ~ & (fo, N(fs, )
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for large A, where the limit homogeneous function h(fs,:) of f is integrable or square
integrable in both m, and m; over any compact set containing the origin.

The concept of m-asymptotic homogeneity is closely related to the notion of regular
variation. For simplicity, we assume that the underlying diffusion is in natural scale so that
the scale function is an identity and that m is a scaled Lebesgue measure, and call a function
satisfying the required conditions asymptotically homogeneous instead of m-asymptotically
homogeneous. In this case, a function f regularly varying with index r > —1 symmetrically
at +oo is asymptotically homogeneous with asymptotic order x(f,\) = f(\) and limit
homogeneous function h(f,z) = |z|". Of course, we have regularly varying functions that
are not symmetric and have different growth rates at +oo, in which case k and h are
determined by the dominating side of £00. The reader is referred to Bingham, Goldie and
Teugels (1993) for more details of the regularly varying functions. The main motivation
of introducing a new concept here is to extend the notation of regular variation to vector-
valued functions. As an example, the vector-valued function f(z) = (|z|,|z|log |x|)’ is

asymptotically homogeneous with

B Y 0 _ |z
/Q(f’)\)—<)\10g)\ )\) and h(f,w)—<‘xylog\x!)'

A regularly varying function cannot be asymptotically homogeneous with limit homogeneous
function |x|log |z|.

The continuous time asymptotics for the functionals of null recurrent processes may now
be readily derived by applying the results in Hopfner and Locherbach (2003) and Proposition
3.4 to the null recurrent process X° in natural scale. For null recurrent processes, we
consider both classes of integrable and asymptotically homogeneous functions in the sense
of Definitions 3.1 and 3.3. Of course, there are functions that are neither integrable nor
asymptotically homogeneous in our sense. However, virtually all functions involved in
diffusion models that are used in practical applications belong to one of these two function

classes.

Theorem 3.5 Let Assumption 3.1 hold and assume that (X}) is null recurrent and regular

with index r > —1.



25

(a) If f is m-integrable and g is m-square integrable, then we have
1 T o
W/O F(Xy)dt —q Km(f)AYT+2)

1 T
- X dW K / 1/2B Al/(r+2)

—— [ (XA = VEmag) 2B o AT,
jointly as T — co, where AY("+2) is the Mittag-Leffler process with index 1/(r +2) at time
1, and B is standard vector Brownian motion independent of A/("+2) and

_ F((T‘i‘ 1)/(?“+2)) (7«_|_2)2/(r+2)
= F((T + 3)/(7“ + 2)) (al/(r+2) n bl/(/rJrQ)) ’

where a and b are from (31).

(b) If f is m-asymptotically homogeneous and g is m-square asymptotically homoge-
neous, then we have

1 B T 1
TRl T s [ ni e a

1

1 (7
—r(gs, TV +2) / X)dW; — /h s X2) dW?
\/Tn(g ) ; 9(Xe)dWr —q . (95, X7) dW;

jointly as T' — oo in notations defined in Definition 3.3 and Proposition 3.4.

For the details of the Mittag-Leffler process, readers are referred to Bingham (1971) or
Hopfner (1990).

The asymptotics for the leading terms of S(6p) and H(0y) we present in Lemma 3.2 may
be readily derived using our continuous time asymptotics. To obtain the proper asymptotics,

we need to assume

Assumption 3.2 We assume that there exist nonsingular sequences wq(7T") and wg(T')

such that wa (T"),ws(T") — oo,

1 " pa 1 Tog
We, (T)/ — (X)W —a No,  wy (T)/ ?(Xt)dv% —q N3
0 0

g

T 05023

. (Xi)dt wg ' (T) =4 Mg

TM M/
wgl(T)/ (X dtw(T) —q Ma, wﬁl(T)/
0 0

o2
for some M, Mg > 0 a.s. and N, Ng, and
1 4 Ha
— R
(1 wa) (T [ P22 (X0, 0
0

as T — oo.
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Remark 3.1 The conditions in Assumption 3.2 are not stringent and expected to hold
widely, as we discuss below. Denoting I, and Iz as the identity matrices of the same
dimension as o and 3 respectively,

(a) If (X;) is positive recurrent, Assumption 3.2 is satisfied with wo(T) = VT, and
wg(T) = VTls if po/o, 05/0, and fiaga/o are m-square integrable, and m|[(papl)/0?],
m[(oga)/0%] > 0.

(b) If (X;) is null recurrent and regular with index » > —1, Assumption 3.2 is satisfied
with we(T) = VTV/0+2 ], and wg(T) = \/mlﬁ if po/o, og/o, and paga/o are
m-square integrable, and m/[(papiy,)/0?], m[(ogay)/o?] > 0.

(c) Let (X;) be null recurrent and regular with index r > —1, and let v, = (go/0)os™ !,
75 = (04/0) 057! and @y = (Haga/0) 05! be m-square asymptotically homogeneous with

/ hh (vy, z)dx, / hh! (13, z)dz > 0
|z[<6 |z[<o

for any § > 0. Furthermore, let
T*l/Q(K_/®K/)fl(Va’Tl/(r+2))n(wa’Tl/(T‘+2)) -0

as T — 0o. Then Assumption 3.2 is satisfied with w, (T) = VT k(Ve, TV +2)) and ws(T) =
VT (15, TV (+2)).

If we let w = diag(wq (T), A~Y2wg(T)), it follows straightforwardly that

Lemma 3.6 Under Assumptions 3.1 and 3.2, we have

w8 (6g) ~p w! </0T %(Xt)th, \/%/T %/ﬁ(Xt)th> (34)

w H(Op)w ™Y ~, w diag (—/ MO‘MO‘ (Xy)d / dt)
0 U A

for small A and large T
Now we have shown in Lemma 3.6 that AD1 and AD2 hold, and it suffices to establish

AD3 to derive the asymptotics of the MLE using (20). For AD3, we require
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Assumption 3.3 If we let

f(@,0) = () (F22522) (@,0)

Plagagae T faga® ba + ta® paga + (Ia ® Co) (Baga ® fa)
_< [edv e T 9]e% X (6% 040-20404 (0% (0% axo (0% (xje) (35)

9(2,0) = o(a) (F22552) (2,0),

g

there exists € > 0 such that

T
T (wo ® W ® we) (T sup ‘ / f(X, H)dt‘ —p 0
oeN | Jo

T (100 ® Wa © wa)~}(T) sup

—p 0
0eN

T
/ 9(X¢, 0)dWy
0

as T — oo, where N is defined as in AD3.

Here we denote I, and C as the identity matrix and the commutation matrix for square
matrices, respectively, of the same dimension as «. Following lemma is useful to check

Assumption 3.3.

Lemma 3.7 Let f and g be defined in (35) and denote d as the dimension of 6.
(a) Let X be positive recurrent and denote N = {0 : ||§ — 6| < T—'/>*<}. If there

exist p and ¢ such that

1f(z, 0l < pla), gz, 01) = g(x.02)|| < q(2)]|61 — 62| (36)

for all z € D and 6, 0y, 65 € N, for all large T, and p and ¢%*¢ are m-integrable for some
e > 0, then Assumption 3.3 is satisfied.

(b) Let X be null recurrent and regular with index r > —1, and denote N. = {0 :
160 — 6| < T—V/RO+2I+e)If for some & > 0 there exist p and ¢ such that (36) holds,
and p and ¢ are m-integrable and m-square integrable respectively, then Assumption 3.3 is
satisfied.

(c¢) Let X be null recurrent and regular with degree » > —1, and denote NV = {0 :
|diag[s’ (v, TV T+2)), K/ (15, TV H2)](0 — 09)|| < T~1/2¢}. Also let vy = (pa/0) 05~ and

753 = (05/0) o 57! be m-square asymptotically homogeneous, and suppose that (36) holds
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with m-asymptotically homogeneous p and m-square asymptotically homogeneous ¢, such

that

HT*U“E(F& DK ® K)fl(l/a’Tl/(r+2))’i(p’T1/(T+2))H =0

1Tk © 5 ® 1) (va, T ) r(g, T )] = 0
as T — oo for some € > 0. Then Assumption 3.3 is satisfied.

With Assumption 3.3, we can derive

Lemma 3.8 Under Assumptions 3.1-3.3, AD3 holds.

Now we have shown all conditions AD1-AD3 hold under Assumptions 3.1-3.3, and we are

ready to establish the asymptotics of the MLE’s in general diffusion models.

4. Asymptotic Theory of MLE

4.1 Primary Asymptotics

From the results we obtained in the previous section, it is rather straightforward to have

Theorem 4.1 Under Assumptions 3.1-3.3, we have
T l T
& — ag ~p (/ MO‘—';LQ(Xt)dt> / R (x)dw,
o O 0o 7

. A T / -1 T
B = Bo ~p 5(/0 JBZB (Xt)dt> /0 %(Xt)dvt

-1

g

for all small A and large T', where V is standard Brownian motion independent of W.

Theorem 4.1 provides the primary asymptotics for the exact and quasi MLE’s of diffusion
model parameters considered in the paper. They are obtained in particular under Assump-
tion 3.1(d). Therefore, in particular, if 7' is large and A is small sufficiently to satisfy
Assumption 3.1(d), we may expect that our primary asymptotics would well approximate
the finite sample distributions of the exact, quasi and approximate MLE’s in diffusion mod-

els. It should be noted that we do not assume T' = oo here. As we will show below, the
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standard limit distributions can be obtained straightforwardly by taking T-limits in our
primary asymptotics. The standard limit distributions are often little useful, since many
practical applications use samples collected at high frequency intervals over only moderately
long time spans, such as daily observations spanning a few years of time. We believe that
the distributions given by our primary asymptotics are in general much more accurate ap-
proximations of the relevant finite sample distributions. This is well demonstrated through
simulations in the following section.

Our primary asymptotics reveal many of the important statistical properties of the
exact, quasi and approximate MLE in diffusion models. First, the MLE & for the drift term
parameter and the MLE B for the diffusion term parameter are uncorrelated for all large
T if A is sufficiently small relative to 7". This, of course, implies that & and B become
asymptotically independent if they have jointly normal limit distributions, as will be the
case for most nonstationary as well as stationary diffusions. Second, unless T" = oo, the
distribution of & is essentially non-Gaussian in all cases. For many diffusion models, the
finite T distribution of & is quite different from normal and & has a somewhat serious bias
problem, as we will show later by simulations. Third, on the other hand, the distribution of
£ is mixed normal even in finite 7. Upon noticing that V is independent of W, and hence

of X, we may indeed easily deduce that

N T ! -1
B ~q MN <507 % [/0 Jizﬁ (Xt)dt:| )

for large T and small A. Therefore, the finite 7" distribution of 3 is centered at the true

value, and we may also expect that B does not suffer from any serious finite sample bias
problem.
Now we discuss the consistency and derive the limit distributions of & and B Under

Assumption 3.3, we have in particular that

o2

T / T /
o 1 og0
/ 3 l;a (Xy)dt, Z/ ’ 6(Xt)dt —rp OO (37)
0 o 0

as T — oo and A — 0. Therefore, it can be easily deduced from Theorem 4.1 that

Corollary 4.2 Let Assumptions 3.1-3.3 hold. Then & and B are consistent.
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The conditions in (37) correspond to the well known minimal excitation condition for the
classical regression model. They are expected to hold for a broad class of diffusion models,
including virtually all diffusions that are used in practical applications. Note that A —
0 may be sufficient to satisfy the second condition, whereas for the first condition it is
absolutely necessary that we have T" — oo. This makes it clear that in general we need
T — oo for the consistency of the drift term parameter, though A — 0 is enough to get the

consistency of the diffusion term parameter.

4.2 Limit Distributions

For a large class of diffusion models, we may obtain the exact convergence rates for the
exact, quasi and approximate MLE’s, and find their limit distributions. This will be shown

below.

Theorem 4.3 Let Assumptions 3.1-3.3 hold. If X is positive recurrent, and p,/o and

og/o are m-square integrable, then we have

e o)) [T-wo )

independently as T — oo and A — 0.

For a majority of positive recurrent processes, we have the normal asymptotics. This is
already well expected. Here we just use a different setting for the asymptotics, i.e., we let
T — oo and A — 0, whereas virtually all the existing literature assumes that n = T'//A — oo
with either A fixed or T fixed.® In general, the convergence rates for the drift term and
diffusion term parameters are given by /T and \/T/—A, respectively, for positive recurrent
diffusions. Note in particular that the convergence rate for the diffusion term parameter

depends only on the sample size n = T'/A.

Theorem 4.4 Let Assumptions 3.1-3.3 hold. Moreover, let X be null recurrent and

regular with index r > —1, and assume that . /0 and og/o are m-square integrable. Then

SKessler (1997) is the only exception. Indeed, he obtains the same asymptotics as ours for the positive
recurrent diffusion models with scalar parameters in the drift and diffusion functions.
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we have
/ —1
VTYH2) (6 — o) —q MN <0’ [Km(“a_";a)Al/(rH)] >
g

T (r+2) 1 050’5 . -1
T2 (5~ B) 54 MN (o, : [Km(7>Al/( +2>} )

independently as T'— oo and A — 0, using notation introduced in Theorem 3.5(a).

For the null recurrent processes satisfying the required integrability condition, the limit
distributions of both the drift term and diffusion term parameters are mixed normal, with
the mixing variate given by a Mittag-Leffler process at time 1. The index of the underlying
null recurrent process plays an important role, determining the exact convergence rates of
the MLE’s and the index of the Mittag-Leffler process in the mixing variate of the limit
distributions. Note that the convergence rates of the MLE’s here are strictly lower than the
case of positive recurrent processes, since r > —1. Roughly, this is because the vanishing

tails of po/0 and og/o attenuate the signal from the stochastic trend of X in this case.

Theorem 4.5 Let Assumptions 3.1-3.3 hold. Moreover, let X be null recurrent and
regular with index r > —1, and assume that 1,/0 and og/o are m-square asymptotically

homogeneous and define v, = (ja/0) 0 s71 and 75 = (65/0) o s71. Then we have

1 -1 1
VTH (va, TYT+2) (G — ag) —4 (/0 hh’(ua,X;)dt) /O h(Va, X7 )dW,

T 2 1 ! o e o o
\ & @8 TV (B = Bo) = ﬁ(/o hh'(Tﬁ,Xt)dt> /0 h(7g, X7 )dV;

jointly as T'— oo and A — 0, where V° is a standard Brownian motion independent of W °

and X° and other notations are introduced in Theorem 3.5(b).

The limit distributions of the MLE’s for null recurrent processes under our asymptotic
homogeneity condition have some important common aspects with our previous results.
First, the limit distribution of the diffusion term parameter is mixed normal as in the case of
null recurrent processes with the integrability condition. This is because V° is independent

of X°. The only difference is that the mixing variate here is given by a functional of the
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limit process of the underlying diffusion. In contrast, the limit distribution of the drift term
parameter is essentially non-Gaussian. Note that W° is independent upon X° as shown in
Proposition 3.4. Second, the convergence rates of the MLE’s for null recurrent processes
under the asymptotic homogeneity condition for p,/o and og/o are in general faster than
those under the integrability condition. In the simple case that v, (z) = 75(x) = |z|* with

r+ 2k > —1, as required to meet our asymptotic homogeneity condition, we have
\/TKV(I/O” Tl/(r+2)) _ \/Tﬁ(’l’ﬁ, Tl/(r+2)) _ Tl/QTk/(rJrQ) _ T(r+2k+2)/2(r+2)

and r 4+ 2k +2 > 1.

The asymptotics of the standard test statistics can easily be obtained from our asymp-
totics for the MLE’s, whenever the MLE’s have mixed-normal limit distributions. In par-
ticular, the standard tests such as Wald, LM and LR tests based on the MLE’s have the

standard normal or chi-square distribution asymptotically in this case.

Example 4.1 (BM with Drift) For the Brownian motion with drift introduced in (5),

it follows directly from Theorem 4.1 that

W- 2
&—awpﬁTT:dN(O,%>

R A BV ZA
i35 (0.5

and we have VT(& — a) —q N(0, 32) and /T/A(3 — ) —q N(0,32/2) for the drift and

diffusion term parameters.
Example 4.2 (OU Process) For the Ornstein-Uhlenbeck process defined in (6), we have

R T -1 .7
a1 — oy I 1
(542 - 042) v (/0 <Xt Xt2) dt) /0 (Xt) W

and

5 AV
B =B~y 5B
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due to Theorem 4.1. Moreover, it follows from Theorem 4.3 that

VT (&1 B al) —4 N (0,

G — 9

for the drift term parameters, and

VT/AB — B) =4 N(0,52/2)

for the diffusion term parameter.

We may also consider the case where a; = 0 and as = 0. In this case, we have X; = W4,
from which it follows that

541 — ] T 1 /BWt T 1
(éw—cw) P (/ (ﬁWt ﬁQWE) ‘”) / (m) W

In particular, X becomes a null recurrent process and it follows from Theorem 4.5 that

VT 0\ (1 —a L1 gw, AT
(o T> (az—cw) Wﬁ(/o (ﬁWt ﬂQWE) dt) /o<ﬁWt> e

and the limit distribution is non-Gaussian and of Dickey-Fuller type. On the other hand,

-1

the asymptotics for /3 remain the same as above.

Example 4.3 (SR Process) For the Feller’s square root process defined in (7), Theorem
) o (XX (X
dy—az) PU\Jo \ X X7 o \ X/ t
. [A Vi
/8 - B ~p 55?

Under the stationarity condition 2a; > 2, we may also easily deduce

VT <5é1 — 041) —4 N (O,ﬁ2 [2052/(52 —201) —on/as )/ag] _1>

G — o —aq /o Ta1(20q + B2

4.1 yields

and

and

VT/AB — B) =4 N(0,52/2)

from Theorem 4.3.
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Example 4.4 (CEV Process) For the CEV process defined in (8), we may deduce from
Theorem 4.1 that

Ay T —232 —202 -1 T —f2
a1 — o | Xt Xt Xz R
(&2 _a2> plﬁl </(; <Xt|Xt|—252 |Xt|_262+2 dt o Xt|Xt|_62 th

1 ﬁllog\Xt!> >1 T( 1 )
(ﬁz—ﬁz) \Fﬁ< (mlogrxtr Blog? | X ) ¥ /0 Bilog | X,|)

Ifag >0, a9 <0, >0and Sy > 1/2, the process becomes positive recurrent and we have

-1
A X 22 x 202t
VT (ST SN o, g2 |E| ¢

(5G4 oo 2 )

due to Theorem 4.3.

and

and

Example 4.5 (NLD Process) For the positive recurrent nonlinear drift (NLD) diffusion
process defined in (9), the asymptotics of the MLE’s follow similarly as in the previous

examples. Here we derive their asymptotics in the null recurrent case and consider

dX;y = (o + X, 1)dt + VB + B XedWr,

on D = (0,00) for f; >0, B2 > 0,0 < a3 < [2/2 and g > (1/2. The primary asymptotics

is given by

. T 1 1 A
<c}1 - a1> - / FARX XBmX) | gy / VEIRE | aw,
Qg — Q2 0 Xt(B1+B2Xt) XZ(B1+B2X¢) 0 Xt/ B1+B2 Xt

. 1 -1

</81 - ,81> N /é (/T<4(51+ﬁ2Xt) (51+52Xt) ) dt) /T<2(51£52Xt)> dv;
~ p X —
'82 - '82 2 0 4(51+Bt2Xt)2 (51+62Xt) 0 2(514’52)(7&)

from Theorem 4.1. For this model, we have

and

2a9

) e [P Har s N (B g\ 2
s(x)—eXp( /1 By + Bou du)_(ﬁ1+52x> x P,
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from which it follows that

20 2(a1 B —agf) PBo—day
1 B2 o =8, (B2 - =
_ 1 1 == (52_2a41)2a1 Ba (51‘5(52)6 ﬁl(ﬂ; )Qal) x24al B2 as xr — 00
- — ag ay B —asfBy ag ’
(520%) 057 (@) g (o) 2 7 (kg 202 (—a) P2 as @ — —o0

2

201
Therefore, we have T 72 lX%t —q X;, where X" is a generalized diffusion process associ-
ated with the speed density

2(a By —apf2)

2aq
1 P2 )m(e 523 > PP (Bamten)/(on )1 [ >
" « a Hax >0}
B2 — 21 (52 — 2, ! ? { |

The limit process X" becomes 4a; /f2-dimensional Bessel process in natural scale if it is

multiplied by

2a 720471 ﬂiﬂ
QT;* < Bo ) B2 ( B9 > By B
! B2 — 201 B1 + B2 .

Since papl, /o and 050’5 /o are integrable with respect to the speed density of X except

for the second diagonal element of O'@O'lﬁ /o, which becomes asymptotically homogenous if

composited with s~!, we deduce from Theorem 4.4 that

1_o3

RN

) =m0, [km( o fr) 45 )

Qy — (2

12
=~

o

T3

2

— (51— 1) MN(O, [QKm(fgl)Al—zal/mrl>

(B2 — B2) —a N(0,263),

%ﬂ

where
_ _I(2m/Broy o1 a( B >ﬂ——ﬂ—
['(201/52)B2 2 b1+ B2
m(z) = B+ Ba) L 72 (By+ o) 72 A A
1
_ [ VBB S
o) (xvmlwn) » Janl®) 2(61 + Pox)’

and A'=201/P2 ig the Mittag-Leffler process with index 1 — 201 /B2 at time 1.
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5. Simulations

We perform the Monte Carlo simulations to examine the relevancy and usefulness of our
asymptotic theory in approximating finite sample distributions of the MLE’s for diffusion
models. For our simulations, we use the CEV model dX; = (a3 + a2 Xy)dt + ﬁlXEQth
in Examples 2.2(a) and 4.4 with oy = 0.0072, ay = —0.09, 51 = 0.8 and 3 = 1.5. The
parameter values in our simulation model are the estimates obtained by Ait-Sahalia (1999)
for the CEV model fitted with the monthly federal funds rate for the period of 1963-1998.
We consider the time spans 7" = 10 and T = 50 representing 10 and 50 years of data
respectively, and the sampling frequencies A = 0.005 and A = 0.1 respectively for the daily
and monthly observations. To obtain the samples used in our simulations, we rely on the
Milstein scheme to discretize our model and generate samples at a finer sampling interval
6 = 0.0005, and collect the samples at each of the values for A considered in our simulation.
The simulation iterations are set to be 5000. To save the space, we only present the results
for the MLE based on the Milstein approximation. The results for other MLE’s are largely

identical under our simulation setup.

5.1 Finite Sample Distributions

Figures 1 and 2 show the finite sample distributions of the MLE. We may clearly see that
the distribution of the diffusion term parameter gets closer to normal as the sampling
frequency increases. This is in contrast with the distribution of the drift term parameter,
which remains to be far from being normal even at a relatively high sampling frequency. Our
simulation results here are well expected from the asymptotic theory in the paper, especially
our primary asymptotics. They show that the asymptotic leading term of the diffusion term
parameter is mixed-normal as long as the sampling interval A is sufficiently small relative
to the time span T of sample. On the other hand, they imply that the asymptotic leading
term of the drift term parameter is non-Gaussian at all finite 7" no matter how small A
is. It is quite notable to see how well our primary asymptotics approximate the finite
sample distributions of the MLE’s, particularly when the sampling frequency is relatively

high. Indeed, the finite sample distribution of the drift term parameter is remarkably well
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approximated by our primary asymptotics at daily frequency for both 10 and 50 years of
time span.

Figures 3 and 4 show the finite sample distributions of the t-statistics. In Figure 3, we
can see that the actual distribution of the t-statistic is quite distinct from the standard
normal distribution even when the sampling frequency is daily and the time span of sample
is as large as 50 years. This implies that the t-tests would have serious size distortions in
finite samples if we use the critical values from the standard normal distribution. However,
it is clearly seen that our primary asymptotics provide quite accurate approximations for
the finite sample distribution of the t-statistics for both 10 and 50 years of sample horizon.
Therefore, our primary asymptotics can be used to obtain the critical values of the t-test
more appropriate in finite samples. In contrast, the distribution for the diffusion term
parameter is pretty close to normal at daily frequency, as shown in Figure 4. Again, this is
well expected from our asymptotic theory, which shows that the distribution of the t-statistic

is normal even for finite T" as long as A is sufficiently small relative to T'.

5.2 Bias and Size Corrections

Clearly, we may use our primary asymptotics to correct for the finite sample bias of the
MLE and the size distortion of the t-test in finite samples. This possibility is explored here.
Since our primary asymptotics require A to be small relative to T, we mainly consider the
daily observations for our simulation here. However, our primary asymptotics also work
well for the monthly observations in our simulation setup, and yield similar results as the
daily observations. For the bias correction of the MLE, we simulate the means of our
primary asymptotics, and use the simulated means of the primary asymptotics to adjust
for the original estimates. Likewise, to correct the size of the t-test, we use the critical
values obtained from the simulated distributions of our primary asymptotics. The sample
means and the empirical distributions of the primary asymptotics are computed using 2000
simulated samples. We use the true parameter values in our simulations to obtain the means
and distributions of our primary asymptotics. This is because our main purpose is to show

how effective our primary asymptotics are in correcting the finite sample bias and size for
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the MLE and t-test.”

Table 1 shows the biases of the MLE with and without correction. It is notable that the
biases of the MLE’s for a;; and «y are as big as approximately 600% of their true values for
the case of T'= 10. However, their biases virtually disappear after correction, decreasing
down to approximately 1% of their original magnitudes. Even for T' = 50, the biases in the
MLE’s for ay and as are substantial and the corrections based on their primary asymptotics
are well motivated. In contrast, the MLE’s for 51 and §2 have negligible biases even for the
case of T' = 10, though the magnitudes of the biases are slightly reduced as we increase T’
from 10 to 50. Naturally, our correction has no effect on their finite sample performance.
In Table 2, we compare the actual sizes of the t-tests based on the standard critical values
and the critical values obtained from our primary asymptotics. The usual ¢-tests for oy and
« have enormous size distortions for the case of T'= 10, which remain to be significant as
T increases up to 50. On the other hand, the t-tests relying on the primary asymptotics
have the actual sizes that are virtually identical to their nominal values even when T" = 10.

As expected, the t-tests for 51 and Py show no evidence of finite sample size distortions.

6. Conclusion

In the paper, we develop the asymptotic theory for the MLE’s in diffusion models. We
consider a wide class of the MLE’s, including the exact, quasi and approximate MLE’s,
which are based on the exact transition density or the transition densities approximated
in a variety of methods. In our framework, we accommodate virtually all likelihood-based
estimators proposed in the literature. Our assumptions on the underlying diffusion models
are also truly general. In particular, we allow for very general nonstationary diffusions as
well as stationary diffusions in the development of our asymptotics. Our asymptotic theory
provides the exact convergence rates and explicit limit distributions of the MLE’s in such
a general and flexible context. The convergence rates for the MLE’s vary depending upon
the drift and diffusion functions and the recurrence property of the underlying diffusion.

For the parameters in the drift and diffusion terms, they are given respectively by 7" and

If based on the estimated parameter values, the bias and size corrections for the MLE and t-test based
on our primary asymptotics are less effective, though they still provide substantial improvements.
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A~Y2T*% with some constant 0 < k < oo. For the positive recurrent diffusions, the MLE’s
are asymptotically normal. However, for the null recurrent diffusions, they have generally
non-Gaussian limit distributions that may be regarded as a generalized version of the limit
distribution of the Dickey-Fuller unit root test. The drift and diffusion term parameters are
asymptotically uncorrelated, and become independent when their asymptotic distributions
are normal or mixed normal.

All the MLE’s we consider in the paper have the identical leading terms in our primary
asymptotics. Therefore, they are equivalent at least up to the asymptotic order represented
by the leading terms in our primary asymptotics. As is well known, however, their relative
performances in finite samples vary across different models and parameter values, especially
when the sampling frequency A is not sufficiently small. It would therefore be interesting
to derive their higher order asymptotic expansions and use them to better explain the
relative finite sample performances of various MLE’s. We believe that the higher order
expansions along our approach in the paper will give us some important clues on the finite
sample performance of the MLE’s. Finally, the continuous time asymptotics developed in
the paper can be used in developing asymptotics for many other interesting models. In
particular, the continuous time asymptotics we establish in the paper for the general null
recurrent diffusions can be used in many other important contexts to analyze the discrete
samples collected from null recurrent diffusions. In particular, our asymptotics for null
recurrent diffusions make it possible to explore continuous time models involving general

nonstationary processes. This will be shown more clearly in our subsequent researches.
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Appendix A. Useful Lemmas

A.1. Lemmas

Lemma Al

Let f be twice differentiable and suppose that f and its derivatives satisfy the boundedness condition
in Assumption 3.1(b). Also let Assumption 3.1 holds. Then

" T
Y F(Xa-na)A = | f(Xi)dt+ O, (AT?TT)

i=1 0

as T — oo and A — 0.

Lemma A2

Let f(t,x,y,0) be twice differentiable, and f and its derivatives satisfy the boundedness condition
in Assumption 3.1(b). Then, under Assumptions 3.1 we have the following as T" — oo and A — 0.
(a) If the following repeated integral only consists of Riemann integrals (dt), then

n iA s
Z/( N /( s flr=(G—=1D)A Xo-1ya, Xy, 0)dr- - dt = O, (AF1T?Path)
=1 /(i1 i—1

uniformly in # € N, where k is the dimension of the repeated integral.
(b) Otherwise, i.e., if the repeated integral involves Itd integrals (dW;), then

n 1A s
Z/ . / Fr == DA, X1ya, X, 0)dr - - AWy = O, (AFR HR2=D/220at1/2) (A 1)
i/ G-na J@-1)A

for all 8 € ©, where k; is the number of dt and ko is the number of dW;. The combination and the
order of dt and dW; can be arbitrary.

Moreover, if we additionally assume that X is either positively recurrent with its time invariant
measure 7 satisfying 7(g%?) < oo for g defined in Assumption 3.1(b) and d greater than the dimension
of 6, or null recurrent and regular with index r > —1, then (A.1) holds uniformly in § € N.

Lemma A3

Define )
2 j—1 A s t s
ey (X[ v [ awam,
A\Z Ji-na Ji-na G-1aJG-1a

=1
forte[(j —1A,jA), 7=1,...,n+ 1. Then

VA S,V

for a standard Brownian motion V independent of W, and V& — Vp = Op((AT)1/4) as T" — oo and
A — 0 satisfying AT — 0.
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Lemma A4

Let f be twice differentiable and let f and its derivatives satisfy the boundedness condition in
Assumption 3.1(b). Also let Assumption 3.1 holds. Then as T'— oo and A — 0, (a)

Zf X(z I)A)(W’LA W(,L l)A / f Xt dW, +O (\/ZT4P¢1+1/2)

1=1

and (b)

s T
Y - Zf Xi-1a / / qudWsz/ f(Xt)th+Op(A1/4T4;DQ+7/4)7
(i—1)A J(i-1)A 0

where V is as defined in Lemma A3.

Lemma A5

Let ¢ be a normalized log-likelihood defined as ¢(t, x,y, ) = tlog (\/Ep(t, z,9, 9)), where p(t, z,y,0)
is the true transition density of a diffusion process given by dX; = u(X, a)dt + o (X, f)dW;. Then
for all x € D and 6 in the interior of ©, ¢ satisfies

£0,z,2,0) =0, 2,(0,z,2,0) =0,
1
o*(z,B)’

0:(0,2,2,0) = —log (a(x,ﬁ)), ly2(0,2,2,0) = —

fty(O,:c,ac,H): M(aza) +V(Ia6)a
P (z,a)
o?(z, )

ignoring terms unrelated with 6, where v and w are some functions not depending on «. Also,
ly3(0,2,2,0) and £,4(0,z,z,0) do not depend on .

L2(0, 2,2, 0) + £y, (0,2,2,0)0%(x, B) =

+w(z, B)

A.2. Proofs of Lemmas

Proof of Lemma Al
We have

n

Zf(X(i—l)A / f(Xi)dt — /(Z A (f(X1) = [(X(—1ya))dt

i=1
n gf..
F(X0)dt — / / ( ) X, )dsdt
/ t z_: (i—1)A J(i—1)A 2 ( )
/ / DdW,dt
(i—1)A J(i— I)A

T
= / f(Xe)dt + Rir + Ror
0
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by It6’s lemma. By changing the order of the integrals,

Rur — Z/(A i85 (s + “22f"> (X,)ds < A/OT

i—1)A

(72f"
2

pf+

from Assumptions 3.1(b) and 3.1(c). Also,

n A
Ror =3 /(i_lm(m o f (X)W,

and this is a martingale whose quadratic variation is
T
Y[ A=t < a [ oy - 0, (a0,
(i— I)A 0
Thus both Ry and Ror are of order Op(AT2”q+1) under Assumption 3.1(d).

Proof of Lemma A2
(a) It directly follows from Assumptions 3.1(b) and 3.1(c) that
sup

/ / Jor—=(—=1)A XG-1ya, Xr, 0)dr- d‘
0eN (i—-1)A (i—-1)A

2
-y / T s <ot (s g(x)) = oAk T
(—1A  Ji-1A

te[0,7)

for small A > 0 and some g defined in Assumption 3.1(b), which completes the proof.
(b) We will first show that (A.1) holds for given 6 € O, and the uniform order will be derived in
the next part. For fixed 6§ € ©, we will deal with the two cases separately: one in which the most
inner integral is an It6 integral (dW;), and the other in which the most inner integral is a Riemann
integral (dt). For the first case, we revert the order of integrations in (A.1) such that

/ / / Fr. X o180 X O)W, - dsdV,
(i—-1)A
n iA
:Z/ f(?” X('L 1A7X759 / / th deW (A2)
(i—1)A

We can always write that

iA A t
/ Asst = / Asst - / Asst = ]DZ - Qi,ta
t (i—1)A (i—1)A

where A and B are semimartingales, and treat P; as a random variable invariant over ¢ € [(i—1)A, iA]
and @;: as a semimartingale adapted to the filtration generated by W. Therefore, if we define a
continuous version of (A.2) as

j—1 iA A
M, = Z/ flr, X 1)A,XT,6/ / dW, - - - dsdW,

JA JA
+/ f(’l" X(] 1)A7XT79 / / dW 'deWT
(G-DA
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for t € [(j — 1)A, jA), then the quadratic variation of My is given by

n iA iA iA 2
[M]T :Z/ f2(raX(i1)A;Xr;9)(/ / thdS) dr
; (i-1)A r u
iA iA 2
< supg (Xy) / </ / dW~~~ds> dr
t€[0,T] ! Z (i—-1)A r u !

_ OP(A(2k1+k2 1)T4;oq-i-1)7 (A3)

where the order of the summation in the second line can be obtained by taking expectation and
changing the order of integrations. From (A.3) we establish that (A.1) holds in the first case.

For the second case, we also revert the order of the integrals, but we will do so only from the
most inner It integral to the most outer integral. Then we obtain that

n A A iA u h
Z/ / / (/ / f(r,X(i_l)A,XT,H)d%~~dv)th~~~ddeu. (A.4)
i—1 J(E=1)A Ju w (i—-1)A (i—-1)A

Note that in (A.4), the most outer integral becomes Itd integral, and the most inner integrals in the
parentheses only consist of Riemann integrals. We can rewrite (A.4) as

n A u h iA A
Z/ </ / f(r,X(i_l)A,XT,H)dr-~-dv)/ / AW, ---dsdW,  (A.5)
= Ji-na \Ja-na (i—1)A u w

since the repeated integral in the parentheses is only related with the most outer integral. Similarly
as (A.2), the quadratic variation of (A.5) is given by

iA iA 2
/ </ / Jr, X—nya, Xp, 0)dr - d) (/ / AWy - - ) du
(i— I)A (i—1)A
u h
sSupg(Xt)Z/ (/ - )(/ /th )d
t€[0,T i—1 Y (i—1)A (i—-1)A (i—l)A

— OP(A(le +ko 71)T4pq+1)
which completes the proof.

Uniform Martingale Order In this part we will show that

sup

n A s
/ . Fr=(—1)A, Xi—1)a, Xy, 0)dr - - - AWy | = O, (AR1FF2/271/2p2001/2) - (A 6)
0eN

/- 1)A (i—-1)A

as T — oo and A — 0. Denote Mrp(f) = A~Fi=ke/241/2=2pa=1/2 A1(9), where A7(0) is the
summation on the left hand side of (A.6). We will show the uniform boundedness of Mz(#) by
establishing the convergence of finite dimensional distributions and the weak relative compactness,
due to Kolmogorov’s criterion.

Firstly for the weak relative compactness, it follows from the Holder inequality and Assumption
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3.1(b) that

E| Mz (61) — Mr(82)|° (A7)

/ / fzr 91 fz T(GQ)) th
(i— 1)A (i—1)A

/ / fzr 91 f17(92)) ’I“th)
(i— 1)A (i—1)A

where f; -(0) = f(r — (i — 1)A,X(i_1)A,XT,9). To bound the last line of (A.7), we utilize the
following two rules:

1 n
< g T

d

sup
veE[(i—1)AiA]

?

n
< A(k1+k2/271/2)dT2pqd+d/2Zl (
i

v d v d/2 d
IE< sup / ArdWT) §E< sup / Afdr) < Ad/2E< sup |Av}) , (A.8)
ve(s,t] | Js ve(s,t] | Js vE[s,t]
v d d
IE< sup / Ardr) < AdIE< sup ‘Ay‘> (A.9)
ve(s,r] | Js vE(s,t]

for d > 1 and t > s, where A is a semimartingale. Note that we obtain the first inequality of (A.8)
due to the Burkholder-Davis-Gundy inequality. We apply (A.8) or (A.9) to the last line of (A.7),
depending on whether the most outer integral is an It6 integral or a Riemann integral, respectively.
We repeat applying (A.8) and (A.9) for k — 1 times, then we obtain that

n v d/2
d n 2
E{Mp(61) — Mp(62)| < ———+ E( sup / fir(01) — fir(62) d7’>
| ! ‘ T?pad+d/2 ; ve[(i—1)AiA] J (i—1)A ( ! )
n n iA d/2
< |[6r — 92||dm ZE(/( a 92(X(i1)A)92(X7')dr) (A.10)
i=1 i—

1 . | T
<61 — 92||dm EZQM(X(FUA)A E/o 92d(Xt)dt
i=1

when the most inner integral of the last line of (A.7) is dW;, and

a_ nA—4/2 v d
E| Mz (61) — My (6)]" < T2pgd+d/2 Z E( Sup /( |fir(01) - fif(92)‘d7")

(i—1)AiA] J (i—1)A
nAfd A d
A M ZE( [ o) ()
nA-d/2 iA /2
< ||91 - 92” T2pqd+d/2 ZE( /Z ™ 92(X(21)A)g2(X7)dr)

1 - T
< [|6h — 92Hdm EZQQd(X(iq)A)A\/E/O g24(Xy)dt
=1

when the most inner integral of the last line of (A.7) is dt, where we obtain the second to fourth
inequalities of (A.10) and (A.11) due to Assumption 3.1(b) and the Holder inequality.
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To obtain bounds for the last lines of (A.10) and (A.11), we consider two cases separately: X is
positive recurrent, or null recurrent. Firstly, if X is positively recurrent, we have

n

I A
Ef\/o g2d(Xt)dt < 00, TEZQQd(X(i—l)A) < o0 (A12)

i=1

for all large T from the ergodic theorem. Secondly, if X is null recurrent, we let ¢g?? be m-
asymptotically homogeneous and regularly varying without loss of generality, then we can deduce
from (B.94), (B.95), (B.96), (B.100) and (B.101) that

1 T

for large T', since ¢ = 1/(r + 2) due to Proposition 3.4. Also, we have

A oo 1 2d 2d
W;g K-na) = W/ (Xe)d T2pqd+1z/z DA (i- 1):19 (Xs)dadt
2d(x
s)dWdt
szqd+12/l HAJ (- 1)ABg s
=G — Gar — G'gT7 (A14)

where Ag(x) = (g°u)(x) + (97 0%)(x)/2 and Bg(x) = (g'0)(x), due to Itd’s lemma.
To bound (A.1 ) we have EG1r < oo for large T from (A.13), and we also deduce that

iA
2d
EGar = T2pq T Z /( s / Ag*(X,)dtds
_ 2d 2d
- T2qu+1z/z 1)A $)Ag=(X )dSSET%qu/ Ag*(Xy)dt < oo (A.15)

for large T under Assumption 3.1(d), where the last inequality is obtained similarly as we obtain
(A.13). Lastly for Gsp, we have

2d 2d
Gar = TWHZ / s / Bg*!(X,)dtdW, = Tgpqdﬂz /( $)Bg*!(X,)dW;.

i— I)A

Therefore, we deduce from the Burkholder-Davis-Gundy inequality that

1/2
2
EGsr <E(T4pqd+2 Z/ (1A —s) (Bde) (Xs)ds)
1/2

SE(W%;/O (Bg2d)2(Xt)dt) <00 (A.16)

for large T under Assumption 3.1(d), where the last inequality is obtained similarly as we obtain
(A.13). Therefore, we deduce from (A.13), (A.14), (A.15) and (A.16) that

A n
B Tapeari Zde(X(i—l)A) < (A.17)
i=1
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for all large 7. We obtain from (A.10), (A.11), (A.13) and (A.17) that
d
E|Mr(61) — Mr(62)]" < C[|61 — 62]|*. (A.18)
for all large T', d > 4 and some C' > 0. Therefore, Kolmogorov’s criterion for weak relative compact-
ness is satisfied.
For the convergence of finite dimensional distributions, we focus on the second moment of M (6)

and show its boundedness in any finite dimensional product space of My (6). If the most outer
integral of Mp(0) is dW;, we obtain that

t s 2
2
E(Mr(9))" = A2(k1+kz/2 1/2) Tapg+1 (Z/z A /(i_l)A"'/(i_l)Afi,r(H)dT'"quth)
t s 2
= AQ(k1+k2/2 1/2) Tapg+1 Z/l A (/(i_lm"'/(i_l)Afi,rw)dT"“de) dt

n t s 2
/ / fir(O)dr---dW, ) . (A19)
(-na  Ja-1)a

1
A2(k1+hs/2— 1)T4pq+1EZ< Sup
If the most outer integral of Mp(0) is dt, we change the order of integrals so that we obtain

IN

te[(i—1)AiA]

E(Mxr(6))”

n iA A
= A2(k1+k2/2 1/2)T4pg+1 (;/Z DA [/(Z 1)A /Z i fir(0 dWH/ /dw ] >
AQa n iA
= A2(k1+k2/2-1/2) Pdpg+1 Z/(z na (/(z 1)A /(z 1)Afw - u) dv

/ / fz T o u
(i— I)A (i—-1)A

where a is the dimension of the repeated integral fJA . ~f;dw ---dt in the second line of (A.20).
We repeat applying (A.8) and (A.9) to (A.19) and (A.20) similarly as we did to the last line of
(A.7), then we obtain that

A2a+1 n
A (k:1+k}2/2 1/2)T4pq+1EZ (

=1

sup
veE[(i—1)AiA]

>2, (A.20)

E(Mr(6))® < T4pq+1EZ/ P (Xi1a)g* (X, )dr
1 - r
< gy EX 0 (Xena)A B [ giiar < . (A.21)
i=1

when the most inner integral is dW;, due to the Holder inequality, (A.13) and (A.17). Similarly we
obtain that

1 n iA 2
E(M7(0))® < %EZ (/( Q(X(i—l)A)g(Xr)dT)

=1 i—1)A

| /\

T4pq+1 Z/z 1)A 9 (X(-1)a)g” (Xp)dr < oo (A.22)
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when the most inner integral is dt. Therefore, the boundedness of My (0) in the finite dimensional
product space of Mr(0) follows from (A.21) and (A.22).

The finite dimensional result of (A.21) and (A.22), together with the the weak relative com-
pactness condition in (A.18), implies that IE(MT(Q))2 < oo for all large T uniformly in 0 € N,
from which we obtain that Az () = O,(A@ki+k2=1)/272pa+1/2) ypiformly in € V. The proof is
therefore complete.

Proof of Lemma A3

Clearly, V2 is a continuous martingale with quadratic variation given by

2

j—1 A t
[VA]t = Z Z/( (Wa — W(i*l)A)2dS +/( (Ws - W(jfl)A)QdS

i—1)A j—1A

forte[(j—1)A,jA), j=1,...,n+1.
We have

A :zjfl 1A B | 2 _ L
Vo=t =52 [V = Wona)? = (s = = DA)] ds

2 [ ‘
b2 [ W Wya? - - G- DA ds+0)  (A29)
(G-1DA
fort € [(j — 1A, jA), 5 =1,...,n+ 1, uniformly in ¢ € [0,T]. Therefore, ignoring O(A) term in
(A.23) that is unimportant, it follows that

([VA]t_t ( )QSEO( i WS—W(Z-1)A)2—(s—(i—1)A)}ds>2

- (%) . (/( [(Ws = Wi—pa)® = (s = (G = DA)] ds) (A.24)

j—1A

fort € [(j — 1)A,jA), j = 1,...,n+ 1, due to the independent increment property of Brownian
motion. However, by the Cauchy-Schwarz inequality, we have

iA 2
E (/ [(Ws = Wi—1)a)® — (s — (i — 1)A)] d5>
(

i—1)A
1A 9 2A4
<A E[(Ws—Wi_na)?—(s— (i —1)A)] " ds = = (A.25)
(i-1)A

for i = 1,...,n. Moreover, we may deduce from (A.24) and (A.25) that

E (V2] - 1) < ( ) ZE (/( W - =) ds>2

2\? 2A4 8
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under our assumption. Consequently, it follows that

sup E (V2] —1)" =0 (A.27)
0<t<T

in our asymptotic framework. This implies that V4 —p V, where V' is the standard Brownian
motion.
Now we show that V is independent of W. For this, we note that

[VA ’/ Z/ W W(Z 1)A)d8 / (Ws W(j_l)A)dS‘|
(i— 1)A (7—-1)A

fort € [(j —1)A,jA), j=1,...,n+ 1. It follows that

2 2
2 7j—1 t
E[VA, W2 = ZE </( : (Ws — W(i—l)A)d5> +E </( : (Ws — W(j—l)A)d5>
i—1)A j—1HA

(A.28)
for t € [(j — DA, jA), 5 =1,...,n+ 1, due to the independent increment property of Brownian
motion. Moreover, by Cauchy-Schwarz we have

iA 2 iA
E (/ (WS — W(z—l)A)dS> < A/ E(Ws - W(i—l)A)QdS
( (

i—1)A i—1)A

iA A3
=A (s—(i—1)A)ds = — (A.29)
(i—1)A 2

for i = 1,...,n. Therefore, it can be deduced from (A.28) and (A.29) that

n iA 2 9 A3
i=1 (i—

and that

in our asymptotic framework. This proves that V is independent of W.
For the second statement, note that VTA is actually a time changed Brownian motion Vjyaj,
from the DDS Brownian motion representation and (A.27). We write

Vival, = Vr

_ 7T.A T,A
W_U OZ

denoting

(AT VAT

Note that (UTA) is a two-sided Brownian motion for all 7" and A from the scale invariance and
time homogeneity, and trivially converges to a two-sided Brownian motion as T" — oo and A — 0.
Furthermore we have Z7*2 = O,(1) as T — oo and A — 0 from (A.26), thus UT2 o ZT2 is also
Op(1). This is because for large T' and small A, there exists M; such that

UtT,A _ VTth\/AT —Vr ZT.A _ [VA]T - T.

IP){|ZT’A| > M} <&
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for any €1 > 0 and also there exists My such that

]P’{ sup UtT’A‘/\/Ml > MQ} < ey
te[—Mq, M)
for any €5 > 0 and all large M7, thus there exist M; and M, such that

P{[UT2 0 24| > Mpy/Mi | <1 + 22

for any €1,e2 > 0.

Proof of Lemma A4

For (a), we can deduce from Lemma A2 that

n

D F(X-1a)(Wia = Wi1)a) / f(X)dWy — Z/ — f(X(i—1a))dW,

i=1 (i— 1)A

:/O f(Xt)thzf(“)A /H (uf-+02éf")(xs)dsdwt
/@ m/z u o R,

T
= /0 J(Xe)dW; + OP(AT4P‘1+1/2) + O, (VAT wI+1/2),

For (b), we write

VA Zf Xi-1)a / / AW, dW,
(i-1)A J(i-1)A

n iA
:/0 f(Xt)th +/0 f(Xt)d(VA - V)t - Z/( (f(Xt) - f(X(i—l)A))thA

i—1)A
T
— [ Ceavi + Prs Q.

0
and will show the order of Pr in Part 1, and the order of Q7 in Part 2.
Part 1 For Pr, we have

T
Pr = F(X)VF = Vi) = [ (VA = VdF(X) = A0,V =Vl

from integration by parts. For the first term,
F(Xr) (Vi = Vr) = Op(qu)Op((AT)1/4) =0p (A1/4qu+1/4)a

and for the second term,

[ w2 v = [ [ v (w4 T ) ot [0 - vaor (aw,

= Pir + Por.
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We can bound P, by

T T 2 £\ 2
P”S\// (Vi Vi)t / (uf'+02f ><Xt>dt0p<A1/4T3/4>0p<T4pq“>op<A1/4T4W/4>
0 0

and Pop is a martingale whose quadratic variation is given by

T
/O (VA = V)20 f2(X,)dt < \// -V 4dt/0 ot fA(Xy)dt = Oy (AY2T3/2)0,(TPaH1/2),

), (VA = V)], since

(X
Fx) = s+ [ (nr+ L) s+ | o (X)W,

from which Por = O, (Al/ 473Pa+1) follows. For the last term [f

2

and W and V are independent of each other, [f(X), (V2 — V)|r is the same as the quadratic
covariation between

t S
/ of (X)dW,, VA= ,/— < / / AW, dW, + / qudWS> .
0 A (i—1)A J(@i-1)A G-nAaJ@G-1)A

Therefore we deduce

FO0, (VA = V)] = \f / L /(:‘m AW, ds.

To obtain its order, note that

n 1A s
3 / fO) [ dwds
— Ji-1a (i—1)A

=N F(X / / AW, ds + /
Z (imha 1A J(i-1)A Z

(i— 1)A

S

— f(X4—1)a)) / AWy ds

(i—1)A

= P3T + Pyr.
We have Py = O,(ATPI+1/2) from Lemma A2, and

Py <T sup  sup |f(Xigs) — f(Xy)| sup  sup [Wips — Wi| = Op(A dEpatl=0)
te[0,7T] s€[0,A] te[0,7T] s€[0,A]

for any § > 0, so the order of quadratic covariation becomes
[f(X)7 (VA _ V)]T _ Op(A1/2_6T2pq+1_6).

Since this is of smaller order than Py7, we have Pr = O, (A1/4T4pq+7/4) as a result.
Part 2 For Qr,

t 02f"
Qr = / / ( f+ ) X,)dsdVA + / / $)dW,dV,A
re Z (i—D)A J—1)A . 2 Z (i—1)A J(i— l)A

= QlT + Qar
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from It6’s lemma. For @17, note that

/ / X,)dsdV,>
(i—1)A J(i— l)A

is a martingale with a quadratic variation

Z / s ( /( . f<X5>ds>2d[vA]t

' A
,QZ/Z vaJiona f(Xu)/(il)A J(Xs)dsdud[V=]y

(

_22/

u

(V2ia — [V2]) F(X) / f(Xs)dsdu

(i— 1)A (i—1)A
n iA 5 n 1A u 2
<23 [ (Al VAL S [ ) < / f(Xs)ds> du
; (i—1)A ; (i-1)A (i-1)A
= QurQar.
Since the order of Y7 | f ( [VA]ia— [VA]S)st is the same as the order of its expectation being

a positive process, we can con51der the order of the expectation instead. We have

) . ) 2
n iA 4 n iA 1A
E / VALia — [V2],)%ds | =E | — / / W, — Wy)2du | ds| (A.30
(; (i-1)A ([ Jia = V7] ) A2 Z (i—-1)A s ( ) ( )
PR iA , 2
=FE | — / E,_ / Wy —Ws)du | ds |,
A? ; (i—1)A G-Da s ( )

where E; denotes a conditional expectation with information given up to time ¢, and since

iA 2 iA
Ei-1)a </ (W — WS)Qdu> < (iA — s)/ EG-nya(Wy — Wo)du = (iA — s)*,

we have

E (2: /iA (V3ia — [VA]S)2d5> <ANAPT

(i—1)A

and Quir = OP(A\/T). For Qo7,

n A u 2
Z/ fQ(Xu)</ f(X,)ds ) du < A’T sup |f3(X;) | sup_ |f (Xo)|* = Op(A2T Pty
(i-1)A (i-1)A 0<t<T

i=1

50 Q11 = Oy (AVT) 0, (AT?P11/2) = O, (A2T2Pe+1),
For Qs7, note that

/ / AW, dVA = Z / VA — VA F(X)dW,
(i—1)A J(i— I)A (i— I)A
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changing the order of the integrals, and this is a martingale with a quadratic variation

n iA n iA n A
S AV A< (Y [ ma-veyasY [ s
i=1 " ( i=1 Y (

= Ji-na i—1)A i—1)A
= Op(AVT)O,(T*7+12)

since

i A A\ 4 36 3
Ei-1na (Via —V2)ds = EA ,
(i—1)A

thus we can check that @ is of smaller order than Pr.

Proof of Lemma A5

For the derivation, we utilize the results in Friedman (1964). Since some theorems in Friedman
(1964) deals only with diffusions with bounded supports, we first transform (X;) with a bounded
function, derive asymptotics, and then back-transform them to obtain our desired statement. This
is possible because we are only interested in infinitesimal properties of the transition density around
z=yand t =0.

The transformation function f can be any bounded monotone function as long as it satisfies
proper smoothness and boundary conditions.® In this proof, we will use the logistic function f(z) =
1/(1+ e~ ") to avoid unnecessary complications in derivation. Denoting Y; = f(X}), we have

dY; - N*(Y%a Q)dt + O—*(Yzaﬂ)tha

where
wt) = ((Fue5re)or )wo.  owm=((Fo)o )

With this transformation, (Y;) is bounded on (0,1), and p* and ¢* are Holder continuous with
exponent 0 < o < 1, since po f~1 and o o f~! are infinitely differentiable on the support of (V)
and slowly varying at both boundaries? from the closure properties of regularly varying functions,
together with (f" o f~)(z) = 2 —2? and (f~ o f)(2) = # — 32% + 22°. Thus the transformed
diffusion (Y;) satisfies the conditions (A;) and (Az2) on pp. 3 and (As)’" on pp. 28 of Friedman (1964).

Hereafter we omit superscript * for all the functions related with (Y;) to simplify the notation.
That is, we denote u, o, p and ¢ as the drift, diffusion, transition density and normalized likelihood
functions of (¥%), respectively. Those functions for (X;) are denoted as u°, o°, p° and £° to avoid
confusions. We maintain definitions of o and 3 as the same. Parameter arguments 6 are omitted
hereafter.

For the first step, we will derive infinitesimal properties of ¢, the normalized likelihood of the
transformed process (Y;). Under given conditions, the transition density as a fundamental solution
of the partial differential equation u(t,z) = 0% (2)ug2(t, x)/2 + p(x)us(t, z) is given by

t
p(t2,y) = Blt, 2, ) + / / Bt — 5,1, 9)q(s, 2 w)dwds (A.31)
0 D

8The conditions are (i) f is bounded, strictly monotone and four-times differentiable, and (ii) f~" is slowly
varying at the boundaries and (8/0x)f~"(z) is regularly varying with index a > 1/2 at the boundaries.

We use a natural extension of the definition for regular variation, in the sense that we say f(z) is
regularly varying at the boundaries of (a,b), if f(a+ 1/z) and f(b— 1/x) are regularly varying for large .
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from Theorems 8 and 15 on pp. 19 and 28 of Friedman (1964), where D = (0, 1),

) = — e (= 022
p(t,z,y) = o(2)V2rt p< 2ta2(x)>

and ¢ is a solution of

t
at, o) = q(t, 2, y) + / / a(t — s,w,y)a(s, 2, w)dwds, (A.32)
0 D
where
1(t2,y) = S [2(y) — 02()] st 2, 9) + ly) 2t 2,9)
q,,y—2 ) ay2p77y Myayp,,y-

This transition density satisfies the Kolmogorov forward equation,
pelt,z,y) = (07 + 00 — ) (Yp(t,2,y) + (200" — 1) (y)py (¢, 2,) + %UQ(y)pgﬂ (t,z,y).  (A33)
In terms of the normalized log-likelihood £(t, x, y) = tlog p(t, =, y) + tlog(v/1), this becomes
th(t, v, y) — Ut 2, y) — % = 210 (y) — tp(y)ly(t,z,y) + 02 (y) + oo (y) + 2to0” (y)Ly(t, 2, y)
+ %UQ(y)€y2 (t,z,y) + %JQ(y)Ki(t, x,y). (A.34)

Now we will derive infinitesimal properties of £. From pp. 16 (4.9) and (4.15) of Friedman (1964),

t
‘/ /ﬁ(t—s,w,w)q(s7x7w)dwds <C (A.35)
0 JD

for some constant C, thus, Vtp(t,z,z) — 1/(c(x)v/27) as t — 0. Then it follows £(t,x,2) =
tlog (\/fp(t, x, :L')) — 0 ast— 0. From (A.34), letting y = « and taking Taylor expansion as

Ut z,x) = tl(0,x, ) + t2p (L, 2z, ) /2, Cy(t,z,x) = tly (0,2, x) + t2£t2y(f, x,x)/2
for some ¢ € [0,¢], we can obtain £,2(t,z,z) — —1/0%(x) as t — 0.

From (A.33), Vtp(t,z,2) = O(1), Vipy(t,z,x) = O(1), 3/2p,(t,z,2) = O(1) and t3/%p,2(t, 2, x) =
O(1) as t — 0 from (A.31), we should have

a/91
. 3/2 o 3/21 o
tlgr(l) (3 %pe(t, @, 2)) }13(1) <t 50 pyz(t,x,x)). (A.36)
Note that
2
pa(t,x,x) py2(t, x, ) 1
Oyt = —t—2 e -
0D = e T s 2@

and tpi(t, x,2)/p?*(t,z,r) — 0 as t — 0, thus

1 1
B32p otz 1) = — . 32 (tr,7) =
Py ) V2713 (z) Pi{ ) 2V27o(x)
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from (A.36). Also,

1 pi(t, @, x)
it =1 tp(t -4+t
t( ,I,I) Og (\/_p( 7x7x)) + 2 + p(tal"l') ,
and since
pe(t, x, x) 1 1
e N ) g
p(t,z, x) 2 pl ) V2o (x)

we have £4(0,z, ) = —log (o (z)) — log(2m) /2.

From (A.34) let y = « and proceed one step further with the limits £(0,z,2) = 0, £,(0, z, z) = 0,
0,2(0,2,7) = —1/02(x) and £,(0,z,x) = —log(c(z)) — log 2, and divide both sides with 2, then
we have

1

5&2 (0,2,2) = (200" (z) — p(x))ly (0,2, 2) — p' (z) + 0 2(2) + 00 (2) (A.37)
1 1
+ 502(ac)€fy(0, x,r) + 502(30)5@2 0, z,x).
We can also take derivatives w.r.t. y on each side of (A.34), and divide them with ¢, then we have
) 1 30" (x)
liy(0, 2, 2) = 2(2) + 502(z)€y3 0,z,z) — @) (A.38)

Finally, take second derivatives w.r.t. ¥ on both sides of (A.34), and divide them with ¢, then we
have

201,2(0,2,2) = (400" (x) — p(x))lys (0, z,x) — %S)Ety((), z,2) + 02 (2)liylys (0,2, x) (A.39)
Lo ) () o)
gttt + 258 oo S+ 7).

Arranging the equations (A.37) and (A.39), we obtain

U2(0, 2, 2) + 0% (3)Ly2 (0,2, ) = —528; —20%(x)0" (2)lys (0,2, 7) + 206(30)653 (0,z,z) (A.40)

1
+ 504(x)€y4 (0,2,2) — 300" (x) 4+ 60°2(x).
Now we will show £,5(0,z, ) does not depend on . Since

Lya(t,z,x) = 2tp2(t,:c,:c) _ pypy2(t, 2, T) pys(t, x, )
Yy ) ) -

pi(t, z, x) p2(t, z, x) p(t,x,x)
and we have v/fp, (t,z,z) = O(1) and t*/2p,s(t, 2, ) = O(1) from (A.31) together with
1 1
Vip(t,z,x) = ————, 3% (t, 2, 0) = ————,
o ) o(z)V2r Py ) o3 (x)V/2m

it is enough to show that lim; .o (02($)t3/2py3 (t, =, x) +3Vtpy, (¢, z, x)) does not depend on . From
(A.31) and pp. 16 (4.14) of Friedman (1964),

t
py(tvxax) = / / ﬁy(tfs,w,z)q(s,:c,w)dwds+O(1),
0 D

t
pys(t,z,x) = / / Pys(t — s, w,2)q(s, x,w)dwds + o).
0o JD
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We will denote §,(t,z,y) = wu(y)py(t,x,y) excluding the part which does not depend on « from
q(t,z,y) and will only consider this for the ease of calculation here. If we let

Tr—y ($ _y)2
Pya(t,2,y) = V23253 (y) Xp( W)

_ (x —y)® — 3t(x —
s 1(t = A4l
pyJ,l( ;xay) \/%t7/20'7 2tO'2 ) ( )
(z —y)u(z)
G2t 23) = V2323 () T 2t02
then the remainder terms becomes higher order from pp. 16 (4.14) of Friedman (1964), thus we have

t
Py, u(t, x, x) :/ /ﬁy,l(tfs,w,z)qﬂﬁg(s,x,w)dwds+O(1),
o JbD
t
Pys u(t,x, ) = / / Pys 1 (t — 5,w,2)qu2(s, x, w)dwds + O(t_l)
0o JD

by denoting py,, and pys ,, as the parts related with o. Now from (A.41), we may deduce after some
algebra that

/t/OO_ (t — s,w,x)q (s:cw)dwdsff&
py,l s Wy Qp,,2 s Ly - t1/22\/%0'3( )7

GO
/ / Pys 1 (= 8, w, )G 2(s, @, w)dwds = 13/22/2705(z)’

thus for any =z € D,

: 3p()
Vi t,x,x %f&, 32p s (2, 7) 5 —em
Pty ) = ) Pyeulh @) = e @

and this leads to our desired result.
Finally, we show that £,4(0,2,z) does not depend on «. Since the score is a martingale, we
should have

E(la(A, Xi—1a, Xia)| Xi—1a) = 0.
Note that we have

A2
E(la(A, X-1a, Xin)| X-1a) = AAL (0, X(i—1)a, X(i—1)a) + 7A25a(0, Xi—na, Xi—1)a)

A3
+ ?]E(A Co(D, X(i—1yas Xia)| X(i—1)a)

with AL, (0, z,2) = 0, thus denoting
cr = A0 (0, X(i-1ya, X(i—1)A), c2(A) = E(A% o (A, X(i—1ya, Xia) | X(i-1)a)
given X(;_1)a, we have 3c; +Acz(A) = 0. If ¢; # 0, c2(A) = —3c1 /A, which is a contradiction from

Assumption 3.1(b), thus together with (A.40), we have A*(,(0,z,2) = 30*(2){,1,(0,2,7) = 0 for
all a.
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Summarizing the results, we have

00,z,2) =0, £,(0,z,2) =0,
0.0,0) = ~Tog (o)) ~og(VED),  £2(0,.0) =~ s,
) 30(@) 1,
ly(0,2,2) = 2@ o) + 5 (),3(0, 2, x), (A.42)
2
02 (0,2, 7) + L2 (0, 2, 2)02 () = 5253 — 20 ()0 ()3 (0, 2, 7) + 206(1)533 0,z, )
+ 504(30)6114 (0,2,2) — 300" (x) + 60°2(x)

with €,3(0, x, z) and £,4(0, z, z) not depending on o.

So far we have derived infinitesimal properties for the normalized likelihood of (Y%). In the next
step, we will back-transform them to obtain the same kind of statements for ¢°, the normalized
likelihood of (X;). Before proceeding, note that we have a relationship

eo(t, €T, y) =tlog (\/Epo(t,.ﬁ,y)) =tlog (\/Ep[t, f(I), f(y)]f(y)) = E(t, f($), f(y)) +tlog (f(y))

from the formula for functions of random Variables, since a distribution of X; given Xy = «x
is the same as the one of f~1(V;) given f~1(Yy) = x. From this relationship, we can derive
€°(0,z,x) = 0 and £;(0,z,) = 0 from (A.42) ignoring terms unrelated with . We also have
02(0,z,z) = —log (o(f(z))) = —log (f (z)o°(x)) = —log (0°(x)) ignoring terms unrelated with 6,
and £2,(0,,) = f2(2)6,2 (0, f(x), f(x)) = —1/0°%(z). For £3,,

0 : . [+ fro%)2 :

£,00.0.2) = 1 @), (1(0). £),0) = ) (LT @) 4 ()

©e Lf .
= m@r @S (@)o(f(2)),
where
vlr :730—.(1') —0'21‘ X,
(x) U(x)+ (2)0,2(0, 2, z)

For £¢, + €§y2002,
12(0,2,7) + £7,2(0, @, x)o%? ()
= [ (@)% (@) Ly (0, f (), () + €2 (0, f (), f(2)) + L2 (0, f (), f(2))0® (f(2))

B2 @)+ 0 ) 4 @0 @) (f@) + w(f(@)),

12

where v is defined above and

- 0-02

3 1
w(z) = —20°(x)0" (v)lys (0,7, 2) + Zaﬁ(x)£§3 0,z,z) + 504(:0)@4 (0,2,2) — 300" () + 60°2(z).
The third line is by plugging the results of (A.42) in the second line and arranging them. Lastly,

Uy (0,2, 2) = f ()€, (0, f(2), f(2)) +3f () (2)y2 (0, f(2), f(2)) + 7 (2)€y2 (0, f(2), f(2))
- *ié(}foz (@) + [ @)Ly (0, f (), f(2))
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and
0 (0,2,2) = F ()0 (0, (@), F(@)) + (B2 + 4F F) @)ty (0, F (), f(2))
62 (@) @)y (0. F(2), £(2)) + £ @)y (0. £(2), F(x)
(iﬁ—iﬂilﬁcw+6f%mf«@@4af@xﬂ@>+f%m@4mf@»ﬂm)

f~20-o2

Replacing p°, 0° and ¢° with p, o and ¢ to recover original notations, we finally obtain the stated
result of the lemma.

Appendix B. Proofs of Theorems

Proof of Lemma 3.1

For the exact transition density, we can derive the stated result from Lemma A5, or we can derive
from (A.42)

00, z,x,0) =0, A0, z,z,0) = —#(f)ﬁ) —log(o(z, B)) — log(v/27),
B0, z,2,0) =0,  B(0,z,z,0) = %, (B.43)
2 77M2(=’U,04) " wz, @) o2(z) — o2(z (0. 7. 2
A 6(0,1',1',9) - 0'2($7ﬁ) + 2:”’( )0'2($7B) +( ( ) ( ;ﬂ))gty (07 ) 79)
+3(207%(z, B) — 00" (x,8)) — a/;(:ia%) — Uﬁ(f)ﬂ) (600 (z, 8) + o0’ (x))
o?(x) o307 ()

- 2B (2w (z) + 072 (z)) — %02z, 5)
+ (607 (2) + po® (x) + p(x)o®(x, B) — 20°0" (x, B)) £y3(0, , z, B)

+ 206(357 5)633 0,z,z,8) + 3(204@, B8) + 04(x))€y4 0,z,z,p),

ABL(0, z,z,0) = BAL(O,x,x,0)

o Hea) o)
=l )02(30,6) o?(z, B)

+ %U(m)(ﬁ(m) +0%(z,8))l,:(0,z,z, B),

3020 ()

 o2(x, B)

with £,s(0,z,2,3) and £,4(0,z,z, ) not depending on «, thus we can check that each term sat-
isfies the stated result. For other approximated ML estimators of diffusion models of which the
approximated transition density is given by a function of u(x,«) and o(z, 3), we can utilize sym-
bolic math softwares such as Mathematica or Maple to show the statements in Lemma A5. For the
Gaussian quasi-ML estimators (11), (14) and (18) based on the Euler, Milstein QML and Kessler

(00' (x) + p(z) + 300" (x, ﬁ))

B(0,z,2,0) = + ag(x)ﬂy:s 0,2,2,0)
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approximations respectively, we have

00, z,2,0) =0, 2,(0,z,2,0) =0,
1
0:(0,2,2,0) = —log (a(m,ﬁ)) — log(Vv/2m), ly2(0,2,2,0) = — 5 ,
o?(z, B)
(e, )

J4 0) = —% B.44
ty(O,IL',IE, ) 0_2(1‘,/3)7 ( )
0e2(0, 2,3, 0) + L1y2 (0, 2, 3, 0) 0 5)——“2(””’0‘)

t2\U, T, T, ty2 y Ly X, V)0 T, - 0'2(1',/8),

lys(0,z,2,0) =0, lya(0,2,2,0) =0

as a result. For the Milstein ML estimator (13), we obtain £(0, z, z, 8), £, (0, z,z, ), £:(0,z,x,0) and
ly2(0,2,2,0) as the same as (B.44) and

pz,0) 30 (x,B)

Ciy(0, 2, 2,0) = 28 2008 (B.45)
2
€t2(O,I,$,9) + etyQ(OaIaIae)UQ(Iaﬁ) = _Z2Ez7g; + ZU.Q($,B)7
307 (. 1502 (z,

For Ait-Sahalia’s estimator in (17), we obtain £(0, z,z, 0), £,(0,z,2,0), £;(0,x,z,0) and £,2 (0, z, x, )
as the same as (B.44) and

ww.a)  30°(x,5)
o2(x,B)  20(x,8)’

00,2, 2,0) + 2 (0,,2,0)0 (2, 8) = — + 2020, ) — o(a, Blo (2, ),

30" (z,8) _110'2(%5) 40" (z, B)
0'3(1‘,5) ’ 0-4(3375) 0'3(3;75) .

The derivation is basically an algebra involving differentiations and taking limits, and the Mathe-
matica codes showing these steps will be provided separately upon request.'® With these results, for
the Gaussian quasi-ML estimators (11), (14) and (18), we can derive from (B.44) that ¢(0,z, z, 0),
A0, z,x,0), BL(O, z, z,0) and B*(0,z,z,0) are the same as (B.43) and

ly(0,2,2,0) = (B.46)

lys(0,2,2,0) = lya (0,2, 2,0) =

A20(0,2,2,0) =~ o) B 4200y 020 )42 (0,2, 0)

0—2(3375) 0'2(1‘75)
- ﬂ x oo (x)) — M “(z 0-2 z oo (
o2(z, B) (:LL( ) + ( )) 202z, B) (2u (z) + (z) + ( ))7

ABL(0, z,2z,0) = BAL(O,x,x,0)
bz ol
o?(x,B8) o3(x,p)
3020 ()

0¥z, 5)

90ne can visit http://mypage.iu.edu/~jeongm/ for the codes.

(00 (2) + u(a),

B(0,z,2,0) =




29

For the Milstein ML estimator (13), we can derive from (B.45) that ¢(0,z,x,0), A0, z,x,0),
B0, x, x,0) and B>((0,z,x,0) are the same as (B.43) and

A%0(0, 2, 2,0) = —% + ZM(I)% + (0%(x) — (=, B))ey2(0, 2, 2, 0)
_ 05(5:)6) (3020'(30,5) — 302(30)0'(30,5) + oo (x)o(x, B))
_ 702(30) (x o2(x)) — US(I) o' (x)o(z — 60 (z)o (z
oo (20 @) +0°%(0)) = 5 s (7 (@)a(e. ) — 60 (0o (2. )
1

=T (150*(2)0"2(z, B) + 4 ()02 (2, B) — 900 % (x, B)),
ABL(0, z,7,0) = BALO, z,7,0)
= o() ;(z);’og) - 20‘732((93””’)5) (20" (2)o(, B) — 30(x)o (2, 8))
- g ule)o(e,6) + 3% (2. )
S

For Ait-Sahalia’s estimator in (17), we can derive from (B.46) that £(0, z, z, 0), A(0, x, x, 0), BL(0, z, x, )
and B*((0,z,z,0) are the same as (B.43) and

B0, z,2,0) =

A20(0,2,2,0) = LT o) B 200 o2 30,20, 2,2,0)

o2(z, B) o2(z, B)
B U?fzgﬂx)ﬁ) (3020'(9375) - 30%(2)0" (x,8) + o0 ()0 (=, B))
o2(z) Ug(z)

- 207(x. ) (2M'(:E) +o (:c)) — 205z, ) (a"(z)a(x,ﬁ) — 60'(33)0'(33,5))

1 4 .. .2 2 2
+ m(a (z)[do0 (z, B) — 1107 (x, B)] — 4p* (x)0*(z, B))

— %(400" — 50'2)(30,6),

ABL(0, z,z,0) = BAL(O,x,x,0)

= o(x) :2(("; Og) -5 (f)ﬁ) (20" (2)o(z, B) — 30 ()0 (, )

- % (2u(z)o(z, B) + 30%0 (x, B)),

B3(0,2,2,0) = — 3278 | 58,y 7 (. 0)

o?(x, B) o3 (x, )

We can check that each term satisfies the stated result.

Proof of Lemma 3.2

We will only show the derivation for the score of the drift term since other cases can be driven with
a similar way. Here, all the functions are evaluated at #y and the arguments are omitted for the
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simplicity. For the score term of «, we can apply It6’s lemma subsequently to get

A xzayz

l> |

-xL
53t

n n
0 Iiaxi) +ZA€CK(O)I’L')I’L Z O xuxl Wl’L ZA E O xuxl

i=1

B> |

1 2
BALa (0,1, 20)Wai + X ZABea(o, wi, wi)Wai + 5 Z B200,(0, 2, ) Wi

=1 i=1

+
[>|>—l n

<
I
—

B30 (0, 24, 2,)Wsi + R,

+
D=

I
—

2

where Wi; = Wia — Wi_1)a, Wai = f(z va Jio1ya AWrds, Wai = f(l na Jio1ya drdWs, Wy =
A s T
Jimiya Ji-1ya AWrdW; and Ws; = f(H) aJiona Jio1ya AWudW,dWs, and

1 n /’LA /t /S 5 '
=— Al (r— (1 — DA, X;_1ya, X, )drdsdt

A Z i—1)A J(i—1)A J—1)A (r=( ) -nar Xr)

/ BA% (o (r — (i — 1)A, Xii—1ya, Xy )drdsdWy
A Jii—1)a JE-1)A

/(z 1A

ABAEa(r — (i = 1A, X(i_1ya, X, )drdW.dt

/ B2 Alo(r — (i — 1)A, X(i-1)a, Xy )drdWdW,

N
/ / A2Bl,(r — (i — 1)A, Xi—1ya, Xr)dW,dsdt
—DA J(@GE—1)A
/ BABEQ(T — (Z — ].)A, X(i—l)A; XT)dWTdeWt
—DA J(@GE-1)A
/ / AB o (r — (i — 1)A, X(i—1)a, Xy ) AW, dWdt
(i—1)A J(i—1)A

s/
Sy
Sy
Sy
Sy
Sy
2/

/ / / AB o (1 — (i — 1)A, X1y, Xo) AW, dW,dWodt
(i—1)A J(i—1)A J(i—1)A

+x Z/ / / / BYo(u— (i — 1A, X(i_ 1), Xo)dW, AW, dW,dW;.
o1 DA JE-1)A JE-1)A J(i-1)A

The order of the remainder term can be shown R = Op(\/ZT‘lpq“) from Lemma A2. Note that
we have £, (0,z,2) = 0, Aly(0,z,2) = 0, BL,(0, :U ,x) = 0, A%, (0,z,2) = 0, B*(,(0,z,2) = 0,
B3, (0,2,2) = 0 and ABL, (0,2, 2) = BALL(0,2,2) = po (2 )/U( ) from Lemma A5. Also note that
WziZ%(WiA—W(iq)A)-Fﬁg( in—Z(i— 1)A)and Wii = S (Wia=Wi—1)a)— QI( in—Zi-1)A),
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where Z is a standard Brownian motion independent of W. Thus from Lemma A4(a), we have

1 n
Su(b0) = 5Z(AB + BAY (0, X 1ya, X-1ya) (Wia — Wii_1ya) + Op(VATHPIHY)

i=1

T
= [ e g, + 0, (VAT

Proof of Proposition 3.3

It is well known that

T
%/o f(Xpdt —as w(f)

as T'— oo for positive recurrent (X;) when 7(f) < co. (See, e.g., Theorem V.53.1 and (V.53.5) of
Rogers and Williams (2000).) For the second statement, from Theorem 4.1 of van Zanten (2000),
we have KpMp —4 N(0,%) as T — oo, for non-random invertible matrix sequence K such that
| Kr| — 0 and Kp[M]|r Kl —, ¥ > 0, where My is a vector continuous local martingale and [M]r
is its quadratic variation. Thus it directly follows that as T — oo,

1 T
= /O g(X0)dW, — N(0,7(99"))
since 71 fOT(gg’)(Xt)dt —a.s. 7(99").

Proof of Proposition 3.4

In the proof, we assume that the required scale transformation has already been done and the process
(Xt) is a driftless diffusion with speed density m. We will therefore denote m = m,. and suppress the
subscript and superscript “s” used in the preliminary scale transformation. We set 7, = T'/("+2)
for r > —1 throughout the proof. Note that T,./T — 0 as T — co. Define a stopping time 7 by

7 = inf {s /Rl(s,:c)m(:c)d:c > t},

where [ is the local time of the Brownian motion B. We have

X =Bor,
due to Theorem 47.1 of Rogers and Williams (2000, p. 277).
We define ¥ B
T Tt T T2t T  TTt
X; = T B" = T, Tt T 72 (B.47)
for t € [0, 1], so that
XT =B TorT, (B.48)

It follows that

1 T2t T2 [t
— H|Bs — x| < e}ds = —T/ {|Brzs — x| < e}ds
25/0 2e Jo "
T2 [t T
=5 1{T,. BT — 7| < E}ds

€ Jo

T, t T €
== [ BT - I < S s,

25/0 {‘ s T, T,.}S
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Therefore, if we define I,. to be the local time of B"™T, then we have
UT?,x) = T, (t,2/T))

by taking the limit ¢ — 0. Furthermore, we have

Tt :inf{s
R
= TZ%inf {s / m(x)l(T?s, z)dx > Tt}
R
— T2 2 = Lal L
e (o2 [ (5.2 Yo (o 2 )a( 2) - )
Tfinf{ —/mT s:cd:c>t}

with mp(z) = m(T,x), from which it follows that

1 = inf {

due to our definition in (B.47).
Now we show that

x)l(s, x)dx > Tt}

/mT (s, z)dx > t} (B.49)

T 7 (B.50)

almost surely as T' — oo, in the space D0, 1] of cadlag functions on [0, 1] endowed with Skorohod
topology. Note that we may write

ler(2)] < |er(@)|1{|z| < M} + m*(2)n(z)1{|z] > M}

for M > 0 such that M — oo and M/T,, — 0 as T — oo, where n is symmetric, bounded and
monotonically decreasing to 0 as |z| — oo, and we have

< %\sr(Trz)h{lTrxl < M} +m* (x)n(Tox)1{|Ta| > M}. (B.51)

) -

Note in particular that 7772 = T and m*(T,x) = T/m*(x).
For the first term in (B.51), we have

2
I / len (T,2) 1, (5, ) dz
T Jizi<myr,
T2 T2
=1,(s,0)=—= / ler (Trx)|dx + —T/ ler (Trx)||l (s, 2) — 1r(s,0)|dz
T Jiwj<my/T, T \z\<M/T

I
SZT(&O)?/<M ler(z )|d:c+)\< )\/ s, 0 ler(z)|dx

|| <M
<ar—+ le7-(5, 0) (B52)

for all large T, where A(z) = 24/2zloglog1/z, and ar and by are nonrandom numerical sequences
such that ap,byr — 0 as T — oo. The second inequality in (B.52) follows from the property of
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Brownian local time in, e.g., Borodin (1989, p.20), and for the third inequality we use 1/I,-(s,0) <
ly(s,0) 4+ 1 and

T T’r
L e @lde = oy = o((M/T,) ) 5 0
T Jizj<m T

as T'— oo. For the second term in (B.51), we have

/ m*(z)n(Trx)l, (s, z)dx < cT/m*(:c)lr(s,:c)d:c, (B.53)
|x|>M/T, R
where
cr = sup n(Trz)—0,
|x|>M/Ty

since M — oo as T'— oo. Therefore, it follows from (B.51), (B.52) and (B.53) that

T2
/mT sacdac—/m (s, x)dx

for some nonrandom numerical sequences a7, by and ¢ such that ap,br,cr — 0 as T — oc.
Now we set dp to be a sequence of numbers such that dp — 0 and

< ar + byl (s,0) —l—cT/m lr(s,z)dx (B.54)

1

— m*(x)dr = oo (B.55)
br Jjzi<dr

as T — oco. We write

/IwISdT e sy = (s 0) /|a~|§dT e /deT (@) (l’“(s’ ) =l (s, 0)>dx7

and note that we have

/deTm (x )(l (s,2) —1,(s,0) )dac

< Aap/1r(s,0)
\$\<dT
< Adyp (1 + 1 (s, 0)) / m*(z)dx
|z|<dr
with A\g,. = 2v/2+/dr loglog(1/dr) for all large T'. Therefore, we have

/lxl% m* ()l (s, z)dx > 1,(s,0) /ldeT m* (z)dz — A, (1 +1(s, 0)) /MdT m* (z)dz
(00 ) [ o

for all large T', from which it follows that

/Rm*(:c)lr(s, x)dx A

< + (B.56)
(1 — AdT)/|.|<d m*(:p)dl’
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for large T'. Consequently, we may deduce from (B.54) and (B.56) that

/mT s:cd:cf/m dx

< ((IT + 1bT)\;T > + br +er /m*(m)lr(s,z)dz
T Az (1-— )\dT)/ my(z)dz R
|z|<dr

< e+e/Rm*(:E)lT(s,:E)d:E. (B.57)

for any € > 0 if T is sufficiently large.
It follows from (B.57) that

—e+ lfe/m s:cd:c<—/mT r(s,x)dr < e+ ( 1+e/m l(s,x)dx

for all s > 0. Therefore, we have

(1-¢ /m Tt/(l o te x) dz < —/mT (Tf/(l—a “v’”) dr + e,

from which and (B.49) it follows that
thlﬁ < Tg/(lfe) +e€ (B58)

for all £ > 0. Moreover, we have

(1+¢) /m Tt/(1+e)’ )dz = _/mT Ly (th/(ue)’x) dz,

and we may deduce from (B.49) that
Ttr/(1+e) < TtT+e- (B.59)

It is obvious that (B.58) and (B.59) imply (B.50).
On the other hand, we have B"™" =; B for all T, due to the scale invariance property of Brownian
motion. Therefore, we have
BT 5,B

trivially as T'— oo, which together with (B.48) and (B.50) implies
Xt =, x° (B.60)

as ' — oo.
For the convergence of W7, we note that

ElwT - wT|* < 3|t — s>/ B.61
t s

for all t,s > 0 and T' > 0 and the Kolmogorov’s criterion for weakly relatively compactness is
satisfied, since WtT =71 Wy is a Brownian motion for each 7. With this condition satisfied, it
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suffices to establish the convergence of the finite dimensional distribution. For each t > 0, we rewrite
W as dW; = m'/?(X;)dX;. Then it follows that

W 1 Tt
TE= ) mreax.

1 t
- / m/2(Xry)d Xz,
\/_/ m'2(T,XT)dxT

/ m*2(XTaxT + —/ (T, XTaxT (B.62)

denoting R(z \/ m*(z) + e, (x \/ m*(x), where the second line follows from change of variables
and the 1ast hne from Deﬁn1t1on 3 2.
The second term of (B.62) is a martingale whose quadratic variation is

1 ¢t RY(T,XT) e
RQTXTdXTS:/#ds:—/ RZ2(WTT)ds B.63
Tr ( )d[X 7] ; Xr) ), T (W) (B.63)

denoting Rr(x) = R(T,x), where we obtain the second equality following the same step as in (B.65),
from the second line to the last line. Let 72 be defined as in (B.67). Then we can find @ such that

R%(z) = 2T"m*(x) + &, (Trx) — 2\/T2Tm*2( )+ Trm*(z)e, (Trx)
< TY (2 (2) + [af (@) + 2/ m*2(x) + m* ()]e] n(z)) = T7Q(x)

for large T. Since m*(z) and |z|"n(x) are locally integrable, we can see that @ is also locally
integrable from /m*2(x) + m*(z)[z["n(x) < m*(z) + /m*(z)|z|"n(z) and the Holder inequality.
Given t > 0, we can therefore deduce that

T T
1 Ty - Ty ”
i RZ(WTT)ds < /0 QWITYds < oo
for large T with probability arbitrarily close to 1, where the second inequality follows from the same
step as in (B.69). Since R%(x)/T — 0 for all z € R as T — oo from Definition 3.2, we can apply the
dominated convergence theorem to show that the quadratic variation of the second term in (B.62)
converges to zero in probability as T — oco. Therefore, the second term of (B.62) diminishes to zero
as T — oo.
Now we are left with the first term of (B.62), and we may deduce from (B.60) that
t t
m VA XDYaxT =, | m*Y2(X0)dX? (B.64)
0 0

jointly with (B.60) as T — oo for any ¢ > 0 given, from which the convergence of the finite
dimensional distribution readily follows. Consequently, from (B.61), (B.62) and (B.64) with (B.63)

diminishing to zero, we obtain
t
(W) =4 (/ m*l/Q(X;)dxg)
0

for 0 <t <1 jointly with (B.60) as T'— oo. This completes the proof.
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Proof of Theorem 3.5

Part (a) follows from Corollary 3.3 of Hopfner and Locherbach (2003), which is the multivariate
version of their Corollary 3.2. The normalizing sequence v and the constant K can be obtained from
their Example 3.10, which leads to their Equation (3.6").

For Part (b), we will sequentially establish the additive functional asymptotics and the martin-
gale transform asymptotics below. For the proof of Part (b), we will use the notations we introduce
in the proof of Proposition 3.4. Also, following the convention in the proof of Proposition 3.4, we
will suppress the subscript and superscript “s” and denote m = m,..

Additive Functional Asymptotics We write fr(z) = f(T,z) conformably as mr(x) =
m(T,x) with T, = T1/("+2) introduced in the proof of Proposition 3.4. Then we can deduce

“(f’#w : F(Xp)dt = w(f,T,) 7" 1 fr(X )t
0 01
—1/0 fr (B orT),)dt
RELL [mrta) [ Y B o)
_ UTL) / ™ e £ (BT (B.65)

where [,. is the local time of B"™. In (B.65), the first equality follows from the change of variable
in integral from ¢ to t/T" and the definition of X7 in (B.47), the second equality is from (B.48), the
third equality is due to the change of variable formula in, e.g., Proposition 0.4.10 of Revuz and Yor
(1999), and the fourth inequality uses

/ my(z)l,.(dt, x)dx = mp(B;T)dt,
which is a generalized version of the so-called occupation times formula in, e.g., Exercise VI.1.15 of

Revuz and Yor (1999).
We further deduce

, T -1 , 51 .l o i, T ~1 prf .
H(fT;“) /0 (mTfT)(BtT)dt:/O m (BtT)h(vatT)dtJr%/o 64(Ty, B")dt, (B.66)

where 67 (N, z) = (mf)(Az) — N w(f, \)m*(z)h(f,x). From Definitions 3.2 and 3.3, d7(\, z) can be
bounded by

|67\, )] < Ar(X +ZA2] )Qa;(\, ),

where

Az (A) = Ab(f, A (A ) =m"(z)q(f, \x),

A2z (N) = N"k(f, N), Qa22(N, z) = [z]"n(Azx)h(f, z),
A2 (N) = Aa(f, N), Q23(A,z) = [z]"n(Ax)p(f, ),
A24(N) = A"D(f, N), Q24(A, z) = [z]"n(Ax)q(f, Az),
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denoting n(x) = |z| "e,(z). Note that Q1(-) is locally integrable and
lim sup H)\ w(f, )T lAl()\)H =0, lim sup H)\_"/@(f, )" A (A H
A—r00

A—r00
for j =1,...,4, from the conditions on h(f,-), p(f,-), a(f,-) and b(f,-) in Definition 3.3.

In the next step, we will show that there exist locally integrable Q;(-) for j = 1,...,4 which
can bound Q2; (A, -) for large A, by showing the existence of @ such that |n(Az)| < A(x) for all large
A, and that a function f is locally integrable w.r.t. |z|"n(x) as long as it is locally integrable w.r.t. m
and m*. If this holds, h(f,), p(f,-) and ¢(f,-) are locally integrable w.r.t. |z|"7(x), thus we can
find such Q2;(-) replacing n(\z) with 7i(z), since we can choose ¢ satisfying ¢(f, \z) < q(f,z) for
all large A wlog.

To find such 7, let

n(z) = (In|(z) + 0){|z| < M} + |n|(x)1{|x| > M} (B.67)

for some § > 0 and large enough M so that n is monotone on +[M,00). When —1 < r < 0, we
have |n(z)| < |z|7"m(x) 4 ¢ for some ¢ from Definition 3.2, thus n is locally bounded in R from
the continuity of m on R. So |n(Az)| < n(z) for all large A since n is diminishing at infinities.
Furthermore, when a,b > 0 defined in (31), f is locally integrable w.r.t. |z|"n(x) if it is locally
integrable w.r.t. m* since |z|"n(z) < ¢m*(x) for some c¢. When either a or b is 0, the integrability
on that half line can be dealt with separately. If a = 0, we have |z|"7(x)1{z > 0} < em(z)1{zx > 0}
for some ¢ since m(z) > 0, thus f is locally integrable w.r.t. |z|"n(z) on Ry if it is locally integrable
w.r.t. m on Ry. The b = 0 case is also the same.

If r > 0, |z|"n(x) is locally bounded on R with |z|"n(z) ~ ¢ as & — 0 for some ¢ > 0 from
|z|™n(z) = m(x) — m*(x), m(x) > 0, and the continuity of m on R. From this n(z) ~ clz|™" as
x — 0 and locally bounded on R\{0}, thus |n(Az)| < fi(x) for all large A since n is diminishing at
infinities. Also, note that |x|"n(z) < ¢m(x) for some ¢ since m(z) > 0 on R and 7 is of smaller
order than m at infinities. So f is locally integrable w.r.t. |z|"7i(x) if it is locally integrable w.r.t. m.

Finally for r = 0, |z|"n(z) = n(x) is locally bounded on R since n(z) = m(z) — m*(z) and both
m and m* are locally bounded on R. Thus [n(Az)| < n(z) for all large A since n is diminishing at
infinities. It also follows that f is locally integrable w.r.t. 7i(z) if it is locally integrable w.r.t. m
since |fi(x)] < m(x) + ¢ for some ¢ > 0 and m(z) > 0 on R.

Now we are ready to bound d7(A, x) properly. The second term of (B.66) is bounded by

(fa ‘/ 5f TT,BTT)dt‘

SMAI(TT)/OTI Qv (B ydt + S f’ r) ZAQJ / Q2 (T, B ")t

T
= Pir + Por, (B.68)
and for P1T7
/ Ql B7T dt = /Ql 7'1 , T dx < / Ql T2 + 1,x)dz (B69)

with probability arbitrarily close to 1 for large 7. Thus fOTl Q1(BIT)dt = Op(1) as T — oo and it
follows that Py = 0,(1) since ||T7"k(f, T) " A1(T)|| = o(1) as T — oo. For Pyr also,

/1 ng(Tr,B;'T)dtz/ng(T,.,x)z (T, 2)da </Q2j(T,.,x)l,«(T§+1,ac)dac
0 R R
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for each j = 1,...,4 with probability arbitrarily close to 1 for large T'. Since Q2;(T}, ) < Q2;(x)
for all large T and [, Q2j(2)l (75 + 1,x)dr < oo a.s., we can apply the dominated convergence
theorem to obtain fOTlT Q2 (T, BfT)dt = o0,(1) as T — oo. Thus we have Por = o,(1) since
| T, "k(g, T) " Aoy (T})|| = O(1) as T — oo, and therefore the second term in (B.66) is asymptotically
negligible.
For the first term of (B.66),
TlT T TlT
| B B = [ BB [t BRGB e (870
0 0 7

and the second term is bounded by

r
1

[ mt BBt = [ @bl )~ o e
T R
< /Rm*(ac)h(f,x)lr(rg +1,2)dx

T3 +1
:/ m* (BITYA(f, BIT)dt < oo
0

a.s. for large T'. Thus we can apply the dominated convergence theorem to show the second term in
(B.70) is asymptotically negligible, and the first term converges to

/ U (BB, BTt = / ot (BITYR(, BITYdt + 0,(1)
0 0

—d / m™ (By)h(f, By)dt (B.71)
0
since B"! has the same distribution for all 7. Taking the reverse steps of (B.65), we get
T 1
| me @onts B =17 [ (s X7y (B.72)
0 0
and consequently it follows from (B.66), (B.70), (B.71) and (B.72) that
1 T 1
FROT T [ ftde s [ hr s (B.73)
0 0

as 1" — oo.

Martingale Transform Asymptotics To derive the martingale transform asymptotics, we
deduce

1 T
L o) / 9(X,)dW, =
0

Ni 1)~ /O gr((B™ o71);)dWry

RN
\/TK/ 9,
— x(g, 7)) / U e (BITYAWT 0T, (B.74)
0

where W[ = T=1/2Wp; and ¢} = T~'T? fot mr(BIT)ds from the change of variables. Note that 7
is the right continuous inverse of ¢/ . Rewriting (B.74), we have

H(g,Tr)_l/ gr(B;1)d(WT o), =/ h(g, B;")d(W" o <) + Rr, (B.75)
0 0
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where the remainder term is given by

o
Re = [ (W0 T g (BT) = hla. BT AW o7
0
To show Rr = 0,(1), note that Ry is a martingale whose quadratic variation is

TIT mT(BrT) /
[ (st o (BT) = o B ) (st ) g (BT < o BT )
0 T
:K(gvTr)_l/ 1 m*(BZ‘T)(S(SI(gvTMBZ‘T)dt’il(gvTr)_l
0

1 !

+ FH(g,TT)*l/ e (T B8 (g, Ty, BV )dt K (g, Ty) ™
T 0

= Ryt + Rar.

Due to Definition 3.3, Ry is bounded by

T

T1
H(g,Tr)’la(g,Tr)/ m* (B \pp' (9, By " )dt d' (9. T,)k (9, T;,)
0

"
+K(97T7-)_1a(g,Tr)/ m*(B;")p(g, B;")d (9, T, B; " )dt V' (9, T, )k (9, T-) "
0
T

71
+n(g,Tr)’1b(g,Tr)/ m*(B;")q(g, T.B;")p (9, By " )dt a' (9, T, )k (9, Tr-) ™
0

+ K‘(g7 T,-)ilb(g, Tr) /0 m” (BtTT)qq/(ga TTB:T)dt b/(g, T,-)Ii/(g, Tr)ilv

each term of which can be shown asymptotically negligible in the same way as in (B.66)—(B.70).
The first term can be dealt with in a similar way as Pyp in (B.68), since by denoting Ai(\) =
A(a®a)(g,A) and Qi1 (z) = m*(z)(p ® p)(g, x), we have

(re . 1) s 0T | Ut (BT (0 @ p) (g, B

1 gl
= T—f(/i@/i)(g,Tr)_lAl(TT)/O Q1(BIM)dt,

which is of the same form as Pyp. Other terms can be shown to be negligible in similar ways as for
Pyr in (B.68), and omitted here. For Rar, due to Definitions 3.2 and 3.3, Ror is bounded by

T

1 g . _

FK(%TT)”G(Q,TT)/ er(TB; " )pp' (9. B{")dt o' (9. T, )k (9. T,) (B.76)
r 0

T

1 ™ . _

+F~(9,T7-)_1b(g,T7-)/ e (T, B, )aq (9, T, B;")dt ¥ (9, T, )K" (9, T;) "
r 0
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We can also apply the same steps for Por in (B.68) by choosing 7 defined in (B.67) such that
T "e,(Trx) < |z|"'a(x) for large T, to show that each term of (B.76) become asymptotically negli-
gible. We therefore have Ry = op(l).

Now going back to (B.75), we can rewrite the leading term as

= o
| wta. Bt o = [ i BNV 067, (B.77)
0 0 .
+ [ b BT 06Ty~ T o]
where ¢/ = fot m*(BT)ds. To show fOTlT hg, BiT)d[(WT osT) = (WToq")], = 0,(1), we first deduce

/ h(g, ByT)A(WT oT), — / h(g, BIT)YA(WT o7,
0 0

T T
< OTl

1
— / h(g7 (BTT o TT)t)thT — / h(g7 (BTT o Tr)t)thT
0 0

1 (TOTIT
- / (29, (BT 0 77)) = h(g, (B' o 77),) | awi” + / h(g, (BT o)) dw,T
0 1

from the change of variables. The second term is a martingale with quadratic variation

gro‘rlT ‘rlT
/ hK (g, (B™ o7")y)dt = / m*(BT)hh (g, BiT)dt —, 0
1 T

from the same step that we used to deal with the second term of (B.70). The first term is also a
martingale whose quadratic variation is

1 1
Qr = / hi (g, (B™ o 7)) dt +/ hh (g, (B™ o 1"))dt
0 0
1

7/0 h(g, (B o), )h (g, (B™" OT’“)t)dtf/O h(g, (B o) )W (g, (B™ o7T),)dt

= Qi1 + Qar — Qa1 — Qur. (B.78)

To show Qr —, 0, we will show that Qi7, Q2r, Q37 and Qur all converge to the same limit as
T — 00, so that they cancel out in the limit. Before we start, we notice that there exists a sequence
B"T* such that B™T* —,, B* and 7% =, 7 from the Skorohod representation theorem. We
will consider this sequence hereafter to show the almost sure convergence of each term in (B.78).
We suppress the superscript * hereafter without confusion for notational simplicity.

Firstly we can show

1 1
Qur . / W (g, X9)dE, Qor —as, / Wi (g, X9)dt (B.79)
0 0

with the same step as in (B.65) and (B.71). Nextly for the case of Q31 and Q4r, we will utilize the
Vitali convergence theorem to show that

1 1
QgT —a.s. / hh' (g, X?)dt, Q4T —a.s. / hh' (g, X;)dt. (BSO)
0 0
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(See, e.g., Theorem 11.13 of Bartle (2001) for the Vitali convergence theorem.) To apply this
theorem, pointwise convergence and uniform integrability are required. Pointwise convergence is
trivial since B"T —,.,. B and 77—, 7". For uniform integrability, it is known that a sufficient
condition is that there exists § > 0 such that

1
/ hi™ (g, (B o) )Ry (g, (BT 077 )dt < o0 (B.81)
0

a.s. uniformly in large T for all 4, j, where h; is the i’th element of h. (See, e.g., Exercise 11.V of
Bartle (2001).) Since there exists § > 0 that makes m*(-)h272° (g, -) locally integrable for all i from
the local integrability condition on m*(-)hh/(g,-), we have

1
/ hzl-i-é (g7 (B'rT ° TT)t)h;-Hs (g7 (B7'T ° Tr)t)dt
0

1 1
< \// h?"'%(g, (BTTOTT)t)dt/ h?"'%(g, (B’“TOT’“)t)dt
0 0

1 1
e \// h§+25(g,X§)dt/ h§+25(g,X§)dt < 00
0 0

a.s. from the same steps as in (B.65) and (B.71). Therefore the uniform integrability condition is
satisfied and we can apply the Vitali convergence theorem to obtain (B.80). Thus from (B.79) and
(B.80), we have Q7 —, 0.

Now we are only left with the leading term of (B.77). Denoting W’ —; W° as T' — oo, we have

[ oW o) —sa [ g Bdwe o<,
0 0

jointly with (B.71) as T'— oo, and by the change of variables we have
T 1 1
| o Baave o = [ wig.Boraws = [ hig.xpaw;. (B.82)
0 0 0
Thus consequently it follows from (B.74), (B.75), (B.77) and (B.82) that

—=k(g, T, 71/ X )dW; — / h(g, X2)dW?
\/T (9,T}) . 9(X)dWy —4 ) (9 t) t

jointly with (B.73) as T — oo.

Proof of Lemma 3.6

It follows from Lemma 3.2, together with the definition of w = diag(wa/(T), A~/ 2ws(T)).

Proof of Lemma 3.7

We will prove the statements by showing that there exist positive nondecreasing sequences vq (7))
and v2(T') such that

17 (wa ® wa ® wa) ™ (T)r1(T)]| = 0, ! sup ‘/0 f(Xt,G)dt‘ = 0,(1) (B.83)

v1(T) ven
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and

|75 (wa ® wa @ wa) ™ H(T)wa(T)|| — 0, sup‘/ (X, 0)dWi| = O,(1) (B.84)

Ge/\f

as T — oo. For the second conditions of (B.83) and (B.84) respectively, note that it is enough to
show the stochastic boundedness for each element of f and g. So without loss of generality, we will
only consider the case when f and g are scalar valued functions hereafter.

Firstly, (B.83) can be shown with the following for each case. For (a), letting 14 (T) = T,

sup ‘/ f(Xe, 0 dt‘ < —/ p(Xe)dt —a.s. 7(p)

T 0EN

as T — oo from Proposition 3.3. Thus (B.83) holds since w,(T) = V/T. For (b), letting vy (T) =
TV (r+2)

T T
_ _ 1 1/(r+2)
T1/(r+2) 5’2}3 ‘/0 f(Xt,H)dt‘ < T1r+2) /0 p(Xp)dt —q4 Km(p)A

as T — oo from Theorem 3.5(a). Thus (B.83) holds since w,(T) = VT1/(+2). For (c), letting
vi(T) = Tr(p, TV +2),

1

T
/ f Xta dt‘ (p Tl/(7+2)) / (Xt)dt %d/o h(pa Xt )dt

as T — oo from Theorem 3.5(b). Thus (B.83) holds since w(T) = VT k(ve, T 2).
To prove (B.84), we will show that

Tr(p. T1/<7+2> ben

ﬁ /O 9(X,. 0)dW,

satisfies the multivariate extension of Kolmogorov’s criterion for the weak compactness w.r.t. 6,
which is

Qr(9) =

EHQT(GI) — QT(HQ)H’Y <C|6:1— 6’2HdJrE

for some v, C, € > 0 and 61, 65 € N for all large T', where d is the dimension of 6. If Q7 () satisfies
this, it converges to a random variable uniformly in § € N, thus the second condition of (B.84) is
satisfied. (See Theorem XIII.1.8 of Revus and Yor (1999) for Kolmogorov’s criterion, and Theorem
1.2.1 and Exercise 1.2.10 of the same article for its multivariate extension.)

For (a), letting v5(T) = VT,

d+e
2

]E<% /OT (9(X1,01) — g(Xt,OQ))th>d+6 < Cd+E]E<% /OT (9(X1,01) — g(Xt,QQ))th>

d+e
2

1 T
< Cupellr - %Hd*ﬁﬂa(f / q2<Xt>dt)
0

1 T
< CurellOr — 0o 1 / E ¢+ (X,)dt
0
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for some constant Cy4. and all large T', where the first inequality is due to the Burkholder-Davis-
Gundy inequality and the last inequality is due to the Holder inequality. Thus Kolmogorov’s criterion
is satisfied with

d+
© < Cagem(q?19)]|01 — O]9

E||Qr(61) — Qr(62)]|

for all large T', which is to be shown. Note that the first condition of (B.84) also holds since
wa(T) = VT.
For (b), let v5(T) = VT/(+2) and denote 6* = T/R(+2)]-¢(g — g,). Then

1 T
Qrl0) = Q1(0") = T [ a1(X0.07)a,

where gi(z,0%) = g(x, T~1/RO+2]+eg* 1 90) so we can show Kolmogorov’s criterion for Q%(6*)
instead. We have

1 T * * * * d+€
E(m/o (gT(Xtael)_gT(Xt792))th>

1 T * * * %) 2
Scd+eE<W/O (97(X¢,07) — 97(X¢,05)) dt)

d+e
2

d+e
2

€)le— T * * € 1 ’
< Cay TR g7 — g3 *+ E<m/0 QQ(Xt)dt>

for some constant Cyy. and all large T', from the Burkholder-Davis-Gundy inequality and the con-
dition on g. We also have

d+e
2

1 T
T °E 7/ (X )dt) < 00
(Tl/(r+2) o t

uniformly for all large T' from (B.85), thus Kolmogorov’s criterion is satisfied for all large T, which
is to be shown. Note that the first condition of (B.84) also holds since w, (T) = VT1/(7+2),

For (c), let vo(T) = VTk(q, T *2)) and 0* = T'/?~=diag[r’ (Va, Tr), &' (75, T,)] (6 — o). We
will also show Kolmogorov’s criterion for Q%.(6*) defined as

1
VTr(q, TG+

T
Qp(07) = ) / a3 (X0, 07)dW,,

where g (x,0*) = g(x, T~Y/?*2diag[s'~ (v, Tr), K’ (15, T;)]0* + 65). We have

1 T d+e
E (X, 07) — g ( Xy, 03))dW,
<\/Tn(q,T1/(r+2))/O (QT( t,07) — 97 (X4, 2)) t>
1 T 2 £
< Cd+e]E<W/O (97(X4,07) — 97(X+, 05)) dt)
€)(e— . — - * sy ||d+e
< Oy Tl 1/Q)Hdlag[,‘-@’ "W Ty), &' (75, T, (07 — 63)] tex

d+e

1 T, >
E<_T/@2(q,T1/(7'+2))/0 q (Xt)dt)
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for some constant Cyy. and all large T', from the Burkholder-Davis-Gundy inequality and the con-
dition on g. We also have

d+e

—€ 1 T 2 2
T E(—Tf#(q,Tl/(’“”))/o q(Xt)dt) < 00

uniformly for all large T' from (B.86), thus Kolmogorov’s criterion is satisfied for all large T, which
is to be shown. Note that the first condition of (B.84) also holds since we(T) = VT (Ve, T 7+2).

Existence of Moments As before, we assume that the required scale transform has already
been done and X is in natural scale. For any k > 1, we show that

T k
T—E (Ti /O f(Xt)dt> < o0 (B.85)

uniformly for all large 7', if f is integrable in m, and that

k
T—<E <%f£(g,Tr)—1 /OTg(Xt)dt> < oo (B.86)

uniformly for all large T', if g is a homogeneous function such that g(Ax) = k(g,A)g(x) and g is
locally integrable in m.

To show (B.85), we assume without loss of generality that f is nonnegative and has support on
a subset of Ry. Note that

1 T ‘rlT
. / F(X)dt =T, / (e fr) (BT ) dt

_1 / (o f) (@) 1y (7T, )

= [onn@ (1) o

< /(mf)(:c) L <Tg +1, i) da. (B.87)
R T
The first equality in (B.87) is due to (B.65), the second equality follows directly from the occupation
times formula, the third equality is obtained from a simple change of variable in integration, and the
last inequality is immediate from 7{ < 75 + 1 a.s. for all large T and the nondecreasing property of
the additive functional [,(-, ).
We write
b (3 +1,) =1 (r3,) +1(1,- — X3), (B.88)

where [ is the local time of Brownian motion
Bryt. = By

which is independent of X§ = (B o7")s, due to the strong markov property of Brownian motion B.
It follows from (B.88) that

Jomn@i (w15 )ao= [@n@i (. )t [mnei(t - x5)ao

< [ (2 ) detm(n) (swia.n).  @s9)
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Moreover, we may readily show that sup,cp [(1,2) has finite moment of any order, using its dis-
tribution obtained in, e.g., Borodin (1989, Theorem 4.2, p.13). Consequently, it suffices to show

that .
E </]R(mf)(:c) L <Tg, Tﬁ) d:c> <0 (B.90)

for all large T, due to (B.87) and (B.89). To show (B.90), we let M > 0 be such that M — oo and
M/T, — 0 and write

Jonni (s.7 ) ar - [ ot (5 ) o+ [ mnw (5 )= @on

in what follows.
For the first term in (B.91), we note that

‘/:c<M mi)= ( )dm —h(s, )/|x|§M(mf)(x)dx

<[ mne) (T%)—zr(s,m
()i
<A (g) (tr i) [onnas

- 0(1)(1 +lr(s,0)) /R(mf)(:c)d:c

dx

I/\
SSiEL

as T — 0o, where \(z) = 2v/21/zloglog 1/z, from which it follows that

[ 0 (s ) e <atoits0

for all large T', where a,b > 0 are some nonrandom constants. Therefore, we have

/z<M(mf)(I) Lr (rg, ?> dr < a+bl.(13,0), (B.92)

where [,.(75,0) is a constant multiple of Mittag-Leffler process whose nonnegative moments exist up
to an arbitrary order.
For the second term in (B.91), we write

n(z)
r) = ——"—
f@) =
where n is monotonically decreasing and vanishing at infinity. Also, we let m = m™ to simplify the
subsequent proof. It is rather clear that the existence of the additional term &, in m does not affect
our proof. Under the convention, we have

m(Trx) = Trm(z),  f(Trx) = TT(M)%’
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and it follows that

X

[ @i (sg ) ae =T [ T o
< n(M) <TM>+ /|m|>M/T,,m(x)““5’x)dx
< n(M) (%)H /]R m(@)l (7, 7)dz

= 2n(M) <M)T+1 < 2T" (B.93)

for any € > 0 and for all large T', if we take M > 0 appropriately. Note that » > —1. Now (B.90)
follows directly from (B.91), (B.92) and (B.93), as was to be shown to establish (B.85).

To simplify the proof of (B.86), we assume that m = m* as before. It is easy to accommodate
the existence of the additional term e,. We note that

/0 g(XT)dt = / (mg) @)l (7T 2)dz
< /R (mg)(@)l, (75 + 1,2)da

= [ma)@,(Fa)da + [ (ma)@i(1.a - X5)da

R
:/ g(Xf)dtJr/(mg)(x+X2°)l(1,:c)d:c. (B.94)
0 R

In what follows, we assume without loss of generality that g is bounded by p + ¢, where p is a power
function in modulus with nonnegative power and ¢ is symmetric, locally integrable and monotonically
decreasing such that mgq is locally integrable.

For the first term, we have

2
E/ pF(X7)dt < oo (B.95)
0
for any k > 1, since X° has finite moments up to any order. Moreover, we may readily deduce that
2
T™°E / ¢"(X7)dt < oo (B.96)
0
with any € > 0, for any k& > 1. To see this, we let 6 — 0 as T' — oo, and write

/}R(mq)(x)lr(s,x)daz/lxlg(mq)(x)lr(s,x)d:ch/ (mq)(z)l, (s, z)dx. (B.97)

|x|>6
First, note that

/xgé(m(J)(x)lr(s,x)dx - ZT(S,O)/

|| <6

(mq)(z)dx + /lxlq(mq)(x) (l,.(s7 x) — (s, 0))dac

< (lr(s, 0) + A(6) (1 + (s, 0))) (mq)(z)dz,

|| <&
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from which we have
/| _ )@l (. 2)dz <o(A®) + (14 0(A)) )1r(75,0), (B.98)

for all large T'. Recall that (75, 0) is a constant multiple of Mittag-Leffler process, which has finite
moments up to infinite order. Second, we write

mq) ()l (s, z)dz < 5=+ m(x)l. (s, z)dz,
/m»( D@l (s.0)dz <570 [ miat, (5,

|z|>d

and therefore,

/ ‘ 6(mq)(x)lr(fé', w)de < 570D / ‘ 6m(z)zT(Tg, z)dz = 26~ (), (B.99)
x|> x|>

Now (B.96) follow immediately from (B.97), (B.98) and (B.99), which implies together with (B.95)
that the first term in (B.94) has finite moments up to any order that are bounded by O(T) for any
€ > 0 uniformly for all large T

For the second term of (B.94), we first note that

/Rp(:n + X1, 2)dz < /R (ple) + p(X3) ) (1, 2)dr = /Olp(BT;H ~ Byg)dt +p(X3),  (B.100)
whose expectation is finite. Moreover, we may easily deduce that
E/}Rq(z +y)l(1,x)dx < IE/Rq(:c)l(l,:c) < 00
for all y € R, which implies that
E/Rq(ac + X, 2)d < E/Rq(ac)l(l,x) < . (B.101)

Now we may easily deduce from (B.100) and (B.101) that the second term of (B.94) has finite
moments to arbitrary order. The proof for (B.86) is therefore complete.

Proof of Lemma 3.8

Here, we will consider each block of the Hessian, Haa (6), Hpp (0) and Hap (0) separately. For
Haar (0), from the expansion of the Hessian derived in the same way as in the proof of Lemma 3.2
using It6’s lemma and Lemmas A2 and A5, we have

A n
Hoa (0) = —ZAQ aar (0, X(i—nya, X(i—1ya, 0)
=1
Z AB + B-A aa’ (0 X(z 1A (’L I)A,H)(WiA - W(ifl)A) + Op(\/ZT4pq+1)

T
/ f(Xy,0)dt + / 9(Xy, 0)dW; + O, (VAT

= Pr + Qr + O, (VAT
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where f(z,0) = fi(z,0) + f2(x,0) with

Fila,0) = (o) 25" (a,0) — Lot Holle) g

f2(1'a9) = %(0—2(1') - 0—2(3375))6153;20(@/(1"9);

and g(z,0) = 0(2)(ftaar /02) (2, 0) since Ao (0, z,2,0) = 2f(x,0) and (AB+BA) o (0, z,1,0) =
2¢g(x,0). For the part involving Pr,

—1 T —1
sup v /O (f(X1,0) = f(X¢,00))dt v,
T
= sup ”UJI/ (fl(Xt,H)fl(Xt,90)+f2(Xt,9))dtva1 ;
0eN 0

and choosing v, and vg such that diag(ve, A™2vg) = T~ w,

sup
0EN

T
’U;l /0 (fl(Xt7 9) — fl(Xt7 90))dt ’U;l

T T
< sup HT3E(wa® W @ wa)_l/ fla(Xt,H)dtH + VA sup HT3E(w5® W ® wa)_l/ fw(Xt,H)dtH
0 0

0eN 0eN
T
= sup HT3€(wa® Wo ® wa)_l/ fra(Xt, 9)dtH + O, (VAT I+, (B.102)
0eN 0
where

fla(%g)zu(x)m%(%@)_uu ®a®a T Haga® Ha + {1 02# ®a T ( )(Haga® pt )(ac,H),

& + pa® &
le(.%g):_QM(x)'LW;—izgoﬂ(x,e)_i_Q(ﬂﬂcu@a /?3 fa) ® 03 (,0).
We also have
VA

2

T
U;l/ f2( Xy, 0)dtv ]| <
0

sup
0eEN

T
sup || T3¢ (wp® we ® wa)_l/ fgg(Xt,G)dtH
0eN 0

= O, (VAT*Pa+1), (B.103)

where fo5(x,0) = l120p0® 0og(x,0), and both (B.102) and (B.103) converge to zero in probability
from the stated conditions and Assumption 3.1(d). For the part involving Q, similarly as in (B.102),

T
sup v;l/ (g(Xt,H) fg(Xt,Qo))th vt
0eN 0
T
< sup HT3E(wa ® We ® wa)*l/ 9o (X, 0)dW;|| + O, (VAT*PIHY),
0eN 0

where gq(7,0) = 0(2)plagawac 2(x,0), and this also converges to zero in probability from the
assumption.

For Hpp:(0), we have

Hpp(0) =Y Alspr(0, X 1)a, X(i-1)a,0) + Op(ATH/2T 00t

i=1

T
- %/ h( Xy, B)dt + Oy (A2 4Path),
0
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where

b 8) = ) (22— 7 ) ) — (22 - )

from Lemma A5, and

1 T ) T
sup ’Avglz (h(Xt,ﬂ)h(Xt,ﬂO))dtvglug A sup T*(wg@wg@wg)*l/ hg(Xt,ﬂ)dtH
0eN 0eN 0
= 0,(VAT*+Y) - 0,

where

hﬁ(xvﬁ)

o 305® 0 3[opes®@ 0s + (In ® Co)(0ss® 08)] 12080 03® 0

Uz(x)< Bil;@lf B 504 ses  3loses®as = pes®0p)] | 1205 056 5\ (z, )

_ (Uﬂ@w@ﬂ _ 05®0pgs 828R 08 + (Ia ® Ca)(0pes® 05) L 98808 UB)(JC 3)
o o2 o o2 T

The case for the off-diagonal blocks of the Hessian Hqp/(6) is similar to the one for Hqq (0), and we
can find € > 0 such that

§SBV“’ T) (Hiapr (6) = Hiag (6)) w5 (T)| = Op(VAT#I+1+) 5, 0

from Assumption 3.1(d).

Proof of Theorem 4.1

AD1, AD2 and AD3 hold with Assumptions 3.1-3.3 and Lemmas 3.6, 3.8, thus from (20) we can
obtain the stated result.

Proof of Corollary 4.2
We have

-1

wa (T) (6 — ag) ~p <wa1(T)/O M(Xt)dtwal(T)) w;l(T)/O Ma—a(Xt)th = 0,(1), (B.104)

o2
—1

Va3 50) = (w0 [ 3 ot i@ [ L xpav = 0,0

from Theorem 4.1 and Assumption 3.2. Since wq(T) — oo and A~Y2wg(T) — oo, & and § are
consistent.

Proof of Theorem 4.3 and 4.4

We can obtain the stated result by applying Proposition 3.3 (or 3.5(a) for Theorem 4.4) to each
term of (B.104) with we (T) = wg(T) = VT (or VT1/(+2) for Theorem 4.4).
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Proof of Theorem 4.5

Let V° be defined as a limiting process such that T2V, —, V2 as T — oo for t > 0. Then the
stated result follows from Theorem 3.5(b) and Theorem 4.1, together with the independency of V°
with B and W°. For those independencies, it suffices to show that

E(VIBT) =0,  EVIWI)=0 (B.105)

for all ¢ € [0,1] and T > 0 from Exercise IV.2.22 and Exercise V.4.25 of Revuz and Yor (1999),
where VI = T=Y2Vp,. V is independent of W, and therefore of X as well, consequently V and
B are independent with each other since B"T is given by BiT = T71(X o §)72¢, Where ¢ =
inf{s| [ 0*(X,)dr > t} from the DDS Brownian motion representation. We can deduce (B.105)
from the independency of V' with B""and W, therefore V° is independent of B and W°, which
completes the proof.
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Uncorrected Corrected

ay Qg b1 B2 aq Qg B1 B2
Bias 0.04082 -0.55809  0.00885 -0.00496 -0.00061  0.00264 0.00936 -0.00477
10 years (%) (567.0%) (620.1%) (1.1%)  (0.3%) (84%)  (29%)  (1.2%)  (0.3%)
SD 0.03590 0.45166 0.18887  0.08480 0.03590 0.45166 0.18887  0.08480
RMSE 0.05436 0.71796 0.18908  0.08495 0.03591  0.45167 0.18911 0.08494
Bias 0.00639  -0.10022 -0.00021 -0.00063 0.00004  -0.00080 0.00018 -0.00044
50 yoars () (88.7%)  (111.4%) (0.03%)  (0.04%) 0.6%)  (0.9%)  (0.02%) (0.03%)
SD 0.00762 0.12177 0.05151  0.02341 0.00762  0.12177 0.05151 0.02341
RMSE 0.00994 0.15771 0.05151  0.02342 0.00762  0.12177 0.05151  0.02342

Table 1: Bias Correction for MLE

Nominal size Actual size
Uncorrected Corrected
ay Qg b1 B2 aq Qg p1 B2

1% 0.070 0.066 0.025 0.009 0.008 0.007 0.029 0.010

10 years 5% 0.202 0.189 0.062 0.049 0.052 0.052 0.062 0.048
10% 0.312 0.296 0.102 0.095 0.103 0.105 0.100 0.093

1% 0.029 0.028 0.011 0.011 0.012 0.013 0.009 0.011

50 years 5% 0.101 0.092 0.049 0.048 0.056 0.051 0.045 0.046
10% 0.177 0.166 0.096 0.099 0.105 0.099 0.095 0.096

Table 2: Size Correction for t-Test
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